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Foreword

Let ϕ0 : M → Rn+1 be a smooth immersion of an n-dimensional smooth manifold
in Euclidean space. The evolution of M0 = ϕ0(M) by mean curvature is a smooth
one-parameter family of immersions ϕ : M × [0, T ) → Rn+1 satisfying

{
∂
∂tϕ(p, t) = H(p, t)ν(p, t),
ϕ(p, 0) = ϕ0(p),

where H(p, t) and ν(p, t) are respectively the mean curvature and the unit normal
of the hypersurface Mt = ϕt(M) at the point p ∈M , where ϕt = ϕ( · , t).

It can be checked that H(p,t)ν(p,t)=∆g(t)ϕ(p,t), where ∆g(t) is the Laplace–
Beltrami operator on M associated to the metric g(t), induced by the immersion
ϕt. Then, the mean curvature flow may be regarded as a sort of geometric heat
equation, in particular it can be shown that it is a parabolic problem and has a
unique solution for small time. In addition, the solutions satisfy comparison prin-
ciples and derivatives estimates similar to the case of parabolic partial differential
equations in Euclidean space.
On the other hand, the mean curvature flow is not really equivalent to a heat
equation, since the Laplace–Beltrami operator evolves with the hypersurface itself.
In particular, in contrast to the classical heat equation, this flow is described by a
nonlinear (quasilinear) evolution system of partial differential equations and the
solutions exist in general only in a finite time interval.

Mean curvature flow occurs in the description of the evolution of the inter-
faces in several multiphase physical models (see, e.g., [94, 111]); one can indeed
date the “genesis” of the subject to the paper of Mullins [94]. The main reason
for this is the property that it is the gradient-like flow of the Area functional and
therefore it arises naturally in problems where a surface energy is relevant. From
a physical point of view, it would be interesting also to consider the “hyperbolic”
motion by mean curvature, that is, the evolution problem ∂2

tϕ = Hν, but very
few results are present in the literature at the moment. Algorithms based on mean
curvature flow have also been developed extensively in the field of automatic treat-
ment of digital data, in particular of images because of the “regularizing effect”
due to its parabolic nature.

ix



x Foreword

Another interesting feature of this flow is its connection with certain reaction-
diffusion equations, for instance

∂u

∂t
= ∆u− 1

ε
W ′(u) ,

where W (u) = (u2−1)2 (double-well potential). One can study the singular limits
of the solutions of this parabolic equation when ε tends to zero. Under suitable
hypotheses, it can be shown that the solutions uε with common initial data con-
verge as ε→ 0 to functions which assume only the values ±1 in regions separated
by boundaries evolving by mean curvature (see [6, 111]).

Further motivation for the study of mean curvature flow comes from geomet-
ric applications, in analogy with the Ricci flow of metrics on abstract Riemannian
manifolds. One can use this flow as a tool to obtain classification results for hyper-
surfaces satisfying certain curvature conditions, to derive isoperimetric inequalities
or to produce minimal surfaces. As in Hamilton’s program for Ricci flow, a fun-
damental step in order to apply these techniques is the definition of a flow with
surgeries or of a generalized (weak) notion of flow allowing one to “pass” through
the singularities in a controlled way. There has been much work in this direc-
tion by means of techniques based on varifolds, level set and viscosity solutions
(see [2, 7, 21, 42, 78]), till the recent results of Huisken and Sinestrari [75] that
provide a surgery procedure well suited for topological conclusions.

There are striking analogies between Ricci flow and mean curvature flow.
Indeed, many results hold in a similar way for both flows, and several ideas have
been successfully exported from one context to the other. However, at the moment
no formal way of transforming one of them into the other is known.

In these notes, we will present exclusively the “classical” parametric setting,
without discussing the contributions, sometimes quite relevant, coming from other
approaches, in particular, the geometric measure theory setting (see [21, 78]) and
the level sets formulation (see [23, 42, 99, 120, 122, 123]).
All the manifolds, quantities and other objects we will consider are smooth, unless
otherwise stated. The main tool for the analysis will be a priori estimates (point-
wise and integral), very often based on a smart use of the maximum principle in
the same spirit of the work of Hamilton for Ricci flow.

As of now, the study of singularities and the classification of their asymptotic
shape is almost complete for some classes of evolving hypersurfaces. For others it
seems difficult and quite far off. In Chapter 5 we will try to outline an up-to-date
scenario of the “state of the art”.

This book grew up from a collection of notes for students, and I have tried
to maintain that spirit. This actually means that some discussions will be a little
informal and that some points could be too detailed or even pedantic for an expert
reader. With the exception of the proofs of some fundamental and deep results
(listed in Appendix F), all the material is almost self-contained.



Foreword xi

In Chapter 1 we fix the notation and we introduce the basic facts from differ-
ential geometry used throughout the book. Moreover, we define mean curvature
flow, we discuss several examples and we show that any initial, smooth, com-
pact, immersed hypersurface evolves by mean curvature at least for some positive
interval of time.

In Chapter 2 we present the maximum principle and its first geometric ap-
plications to mean curvature flow, we compute the evolution equations for the
relevant geometric quantities and we discuss their consequences. In particular, we
establish the fact that at a singular time the curvature of the evolving hypersurface
cannot stay bounded.

Chapter 3 is devoted to the analysis of type I singularities of mean curvature
flow, that is, when the blow-up rate of the curvature at a singular time is subject to
a suitable natural control. The fundamental Huisken’s monotonicity formula will
play a major role in showing that the singularities are asymptotically modeled on
“homothetic shrinkers”, that is, hypersurfaces that flow by mean curvature simply
by homothety. The classification of such class of hypersurfaces in the special case
of positive mean curvature is described with its implications.

Chapter 4 is instead concerned with type II singularities, that is, without
the above control on the blow-up rate of the curvature. Here the goal is to show
that, again when the mean curvature of the evolving hypersurface is positive, the
singularities are modeled on hypersurfaces which move by translation along their
mean curvature flow.

In Chapter 5 we resume many of the conclusions, moreover, we briefly discuss
the recent work by Huisken and Sinestrari on mean curvature flow with surgeries
and we list some references to open problems and research directions.

We remark that, throughout the book, special attention is given to the case
of evolving curves in the plane. Very often this case requires a separate treatment
and enjoys better properties than the general higher-dimensional case.

The appendices contain Polden’s proof of short time existence of a solution
for quasilinear parabolic PDE’s on manifolds, the precise statements of some re-
sults mentioned in the book and a discussion of the Abresch–Langer classification
theorem of homothetically shrinking closed curves in the plane.

Further Literature

We definitely suggest to the reader the wonderful survey of White [121] for a
general overview of the field.

An excellent introduction to mean curvature flow is provided in the mono-
graph by Ecker [35], where many basic results and examples are collected. The sec-
ond part of the book gives a fairly elementary approach to the difficult field of the
regularity theory for weak solutions; in the author’s opinion, it is the natural “next
step” for the interested reader. Other nice general references are [34, 69, 80, 126].
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Two papers which contain a survey of results on the formation of singular-
ities for mean curvature flow (and also discuss several other geometric flows) are
the ones by Huisken [68] and by Huisken and Polden [72]. It is also surely rec-
ommendable to read Sections 2 and 3 of Hamilton’s fundamental paper [61]. This
paper deals with Ricci flow, but many of the ideas exposed there apply to mean
curvature flow as well.

Two works of central importance on weak solutions are the pioneering mono-
graph by Brakke [21] and the memoir by Ilmanen [78]; they are more difficult
reading for a beginner.

Another introductory exposition of mean curvature flow, including topics
not treated in the present notes such as the connection with reaction-diffusion
equations, is the one by Ambrosio [6]. The monograph by Giga [50] is also very
pleasant to read and it gives a detailed account of the level sets approach to
geometric evolutions.
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Chapter 1

Definition and Short Time Existence

1.1 Notation and Preliminaries

In this section we introduce some basic notation and facts about Riemannian
manifolds and their submanifolds, a good reference is [49].

Throughout the book, the convention of summing over the repeated indices
will be adopted.

The main objects we will consider are n-dimensional, complete hypersurfaces
immersed in Rn+1, that is, pairs (M,ϕ) where M is an n-dimensional, smooth
manifold with empty boundary and ϕ : M → Rn+1 is a smooth immersion (the
rank of the differential dϕ is equal to n everywhere on M).

The manifold M gets, in a natural way, a metric tensor g turning it into a
Riemannian manifold (M, g), by pulling back the standard scalar product of Rn+1

with the immersion map ϕ.
Taking local coordinates around p ∈ M , we have local bases of TpM and

T ∗
pM , respectively given by vectors

{
∂
∂xi

}
and 1-forms {dxj}.

We will denote the vectors on M by X = X i, which means X = X i ∂
∂xi

, the
1-forms by ω = ωj, that is, ω = ωjdxj and a general mixed tensor by T = T i1...ikj1...jl

,
where the indices refer to the local basis.

Sometimes we will consider tensors along M , viewing it as a submanifold
of R

n+1 via the map ϕ, in which case we will use Greek indices to denote the
components of the tensors in the canonical basis {eα} of Rn+1, for instance, given
a vector field X along M , not necessarily tangent, we will have X = Xαeα.

The metric g of M extended to tensors is given by

g(T, S) = gi1s1 . . . gikskg
j1z1 . . . gjlzlT i1...ikj1...jl

Ss1...skz1...zl
,

where gij is the matrix of the coefficients of g in local coordinates and gij is its

, , Prog ess in Mathematics 290,  
DOI 10.1007/978-3- - -4_1, © Springer Basel AG 2011 
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2 Chapter 1. Definition and Short Time Existence

inverse. Clearly, the norm of a tensor is

|T | =
√
g(T, T ) .

The scalar product of Rn+1 will be denoted by 〈· | ·〉. As the metric g is
obtained by pulling it back via ϕ, we have

gij = g

(
∂

∂xi
,
∂

∂xj

)
= (dϕ∗〈· | ·〉)

(
∂

∂xi
,
∂

∂xj

)
=
〈
∂ϕ

∂xi

∣∣∣∣ ∂ϕ∂xj
〉
.

The canonical measure induced by the metric g is given in a coordinate chart
by µ =

√
GLn where G = det(gij) and Ln is the standard Lebesgue measure

on Rn.
The induced covariant derivative on (M, g) of a vector field X and of a 1-form

ω are respectively given by

∇jX
i =

∂X i

∂xj
+ ΓijkX

k , ∇jωi =
∂ωi
∂xj

− Γkjiωk ,

where the Christoffel symbols Γijk are expressed by the formula,

Γijk =
1
2
gil

(
∂

∂xj
gkl +

∂

∂xk
gjl −

∂

∂xl
gjk

)
.

The covariant derivative ∇T of a general tensor T = T i1...ikj1...jl
will be denoted

by ∇sT
i1...ik
j1...jl

= (∇T )i1...iksj1...jl
(we recall that such covariant derivative is defined

uniquely on the tensor algebra by imposing the Leibniz rule and the commutativity
with any metric contraction).
∇mT will stand for the mth iterated covariant derivative of T .

The gradient ∇f of a function and the divergence divX of a vector field at
a point p ∈M are defined respectively by

g(∇f(p), v) = dfp(v) ∀v ∈ TpM

and

divX = tr∇X = ∇iX
i =

∂

∂xi
X i + ΓiikX

k .

The (rough) Laplacian ∆T of a tensor T is given by

∆T = gij∇i∇jT .

If X is a smooth vector field with compact support on M , as ∂M = ∅ the following
divergence theorem holds: ∫

M

divX dµ = 0 ,
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which clearly implies ∫
M

∆f dµ = 0

for every smooth function f : M → R with compact support.
Since ϕ is locally an embedding in Rn+1, at every point p ∈M we can define

up to a sign a unit normal vector ν(p). Locally, we can always choose ν to be
smooth.
If the hypersurface M is compact and embedded, that is, the map ϕ is one-to-one,
the inside of M is easily defined and we will consider ν to be the inner pointing
unit normal vector at every point of M . In this case the vector field ν : M → Rn+1

is globally smooth.
The second fundamental form A = hij of M is the symmetric 2-form de-

fined as

hij =
〈
ν

∣∣∣∣ ∂2ϕ

∂xi∂xj

〉
,

and the mean curvature H is the trace of A, that is H = gijhij . Despite its name,
H is the sum of the eigenvalues of the second fundamental form, not their average
mean (some few authors actually define H/n as the mean curvature).
Remark 1.1.1. Notice that since ν is defined up to a sign, the same is true for A.
Instead, the vector-valued second fundamental form hijν, which is a 2-form with
values in Rn+1, is uniquely defined.
With our choice of ν as the inner pointing unit normal, the sphere S

n ⊂ Rn+1 has
a positive definite second fundamental form and positive mean curvature and the
same holds for every strictly convex hypersurface of R

n+1.

We advise the reader that throughout the book, by a little abuse of terminology,
we will say that a hypersurface is convex when its second fundamental form is
nonnegative definite, strictly convex when it is positive definite. If the hypersurface
is embedded, convexity in this sense is equivalent to the usual definition that the
hypersurface bounds a convex subset of the Euclidean space.

The linear map Wp : TpM → TpM given by Wp(v) = hij(p)v
j ∂
∂xi

is called the
Weingarten operator and its eigenvalues λ1 ≤ · · · ≤ λn the principal curvatures at
the point p ∈M . It is easy to see that H = λ1 + · · ·+λn and |A|2 = λ2

1 + · · ·+λ2
n.

Exercise 1.1.2. Show that if the hypersurface M ⊂ R
n+1 is locally the graph of a

function f : Rn → R, that is, ϕ(x) = (x, f(x)), then we have

gij = δij + fifj , ν = − (∇f,−1)√
1 + |∇f |2

, hij =
Hessijf√
1 + |∇f |2

H =
∆f√

1 + |∇f |2
− Hessf(∇f,∇f)

(
√

1 + |∇f |2)3
= div

(
∇f√

1 + |∇f |2

)

where fi = ∂if and Hessf is the Hessian of the function f .
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Exercise 1.1.3. Show that if the hypersurface M ⊂ Rn+1 is locally the zero set of
a smooth function f : Rn+1 → R, with ∇f �= 0 on such level set, then we have

H =
∆f
|∇f | −

Hessf(∇f,∇f)
|∇f |3 = div

(
∇f
|∇f |

)
.

The following Gauss–Weingarten relations will be fundamental,

∂2ϕ

∂xi∂xj
= Γkij

∂ϕ

∂xk
+ hijν ,

∂

∂xj
ν = −hjlgls

∂ϕ

∂xs
. (1.1.1)

Actually, they express the fact that ∇M = ∇R
n+1 −Aν. We recall that considering

M locally as a regular submanifold of Rn+1, we have ∇M
X Y = (∇R

n+1

X Ỹ )M where
the sign M denotes the projection on the tangent space to M and Ỹ is a local
extension of the field Y in a local neighborhood Ω ⊂ Rn+1 of ϕ(M).
Notice that, by these relations, it follows that

∆ϕ = gij∇2
ijϕ = gij

(
∂2ϕ

∂xi∂xj
− Γkij

∂ϕ

∂xk

)
= gijhijν = Hν . (1.1.2)

By straightforward computations, we can see that the Riemann tensor, the
Ricci tensor and the scalar curvature can be expressed by means of the second
fundamental form as follows,

Rijkl = g
(
∇2
ji

∂

∂xk
−∇2

ij

∂

∂xk
,
∂

∂xl

)
= hikhjl − hilhjk ,

Ricij = gklRikjl = Hhij − hilg
lkhkj ,

R = gijRicij = gijgklRikjl = H2 − |A|2 .

Hence, the formulas for the interchange of covariant derivatives, which involve the
Riemann tensor, become

∇i∇jX
s −∇j∇iX

s =RijklgksX l = (hikhjl − hilhjk) gksX l ,

∇i∇jωk −∇j∇iωk =Rijklglsωs = (hikhjl − hilhjk) glsωs .

The symmetry properties of the covariant derivative of A are given by the
Codazzi equations,

∇ihjk = ∇jhik = ∇khij (1.1.3)

which imply the Simons’ identity (see [106]),

∆hij = ∇i∇jH + Hhilg
lshsj − |A|2hij . (1.1.4)

We will write T ∗ S, following Hamilton [55], to mean a tensor formed by a
sum of terms each one of them obtained by contracting some indices of the pair
T , S with the metric gij and/or its inverse gij .
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A very useful property of such ∗-product is that

|T ∗ S| ≤ C |T | |S|

where the constant C depends only on the algebraic “structure” of T ∗ S.
Sometimes we will need the n-dimensional Hausdorff measure in Rn+1, and

we will denote it by Hn.

We advise the reader that, in all computations, the constants could vary be-
tween different formulas and from one line to another.

1.2 First Variation of the Area Functional

Given an immersion ϕ : M → Rn+1 of a smooth hypersurface in Rn+1, we consider
the Area functional

Area(ϕ) =
∫
M

dµ

where µ is the canonical measure associated to the metric g induced by the im-
mersion.

In this section we are going to analyze the first variation of such functional
which is nothing else than the volume of the hypersurface.

We consider a smooth one-parameter family of immersions ϕt : M → R
n+1,

with t ∈ (−ε, ε) and ϕ0 = ϕ, such that, outside of a compact set K ⊂M , we have
ϕt(p) = ϕ(p) for every t ∈ (−ε, ε).
Defining the field X = ∂ϕt

∂t

∣∣∣
t=0

along M (as a submanifold of R
n+1) we see that X

is zero outsideK ; we call such a field the infinitesimal generator of the variation ϕt.
We compute

∂

∂t
gij

∣∣∣∣
t=0

=
∂

∂t

〈
∂ϕt
∂xi

∣∣∣∣ ∂ϕt∂xj

〉∣∣∣∣
t=0

=
〈
∂X

∂xi

∣∣∣∣ ∂ϕ∂xj
〉

+
〈
∂X

∂xj

∣∣∣∣ ∂ϕ∂xi
〉

=
∂

∂xi

〈
X

∣∣∣∣ ∂ϕ∂xj
〉

+
∂

∂xj

〈
X

∣∣∣∣ ∂ϕ∂xi
〉

− 2
〈
X

∣∣∣∣ ∂2ϕ

∂xi∂xj

〉

=
∂

∂xi

〈
XM

∣∣∣∣ ∂ϕ∂xj
〉

+
∂

∂xj

〈
XM

∣∣∣∣ ∂ϕ∂xi
〉

− 2Γkij

〈
XM

∣∣∣∣ ∂ϕ∂xk
〉

− 2hij〈X | ν〉 ,

where XM is the tangent component of the field X and we used the Gauss–
Weingarten relations (1.1.1) in the last step.
Letting ω be the 1-form defined by ω(Y ) = g(dϕ∗(XM ), Y ), this formula can be
rewritten as

∂

∂t
gij

∣∣∣∣
t=0

=
∂ωj
∂xi

+
∂ωi
∂xj

− 2Γkijωk − 2hij〈X | ν〉 = ∇iωj + ∇jωi − 2hij〈X | ν〉 .



6 Chapter 1. Definition and Short Time Existence

Hence, using the formula ∂t detA(t) = detA(t)Trace[A−1(t)∂tA(t)], we get

∂

∂t

√
det(gij)

∣∣∣∣
t=0

=

√
det(gij)gij ∂∂tgij

∣∣
t=0

2

=

√
det(gij)gij(∇iωj + ∇jωi − 2hij〈X | ν〉)

2

=
√

det(gij)(divXM − H〈X | ν〉) .

If the Area of the immersion ϕ is finite, the same holds for all the ϕt, as they are
compact deformations of ϕ. Assuming that the compact K is contained in a single
coordinate chart, we have

∂

∂t
Area(ϕt)

∣∣∣∣
t=0

=
∂

∂t

∫
K

dµt

∣∣∣∣
t=0

=
∂

∂t

∫
K

√
det(gij) dLn

∣∣∣∣
t=0

=
∫
K

∂

∂t

√
det(gij)

∣∣∣∣
t=0

dLn

=
∫
K

(divXM − H〈X | ν〉)
√

det(gij) dLn

=
∫
M

(divXM − H〈X | ν〉) dµ

= −
∫
M

H〈X | ν〉 dµ

where we used the fact that X is zero outside K and in the last step we applied
the divergence theorem. Notice that all the integrals are well defined because we
are actually integrating only on the compact set K.
In the case that K is contained in several charts, the same conclusion follows from
a standard argument using a partition of unity.

Proposition 1.2.1. The first variation of the Area functional depends only on the
normal component of the infinitesimal generator X = ∂ϕt

∂t

∣∣∣
t=0

of the variation ϕt,
precisely

∂

∂t
Area(ϕt)

∣∣∣∣
t=0

= −
∫
M

H〈X | ν〉 dµ .

Clearly, such dependence is linear.

Given any immersion ϕ : M → R
n+1 and any vector field X with compact

support along M , we can always construct a variation with infinitesimal generator
X as ϕt(p) = ϕ(p) + tX(p). It is easy to see that for |t| small the map ϕt is still a
smooth immersion.
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Hence, as the hypersurfaces which are critical points of the Area functional must
satisfy

∫
M

H〈X | ν〉 dµ = 0 for every field X with compact support, they must
have H = 0 everywhere, that is, zero mean curvature (and conversely). This is the
well-known definition of the so-called minimal surfaces.

As the quantity −Hν can be interpreted as the gradient of the Area func-
tional (be careful here, the measure µ is varying with the immersion, we are not
computing the gradient with respect to some fixed L2-structure on the space of
immersions of M in Rn+1), we can consider the motion of a hypersurface by mi-
nus this gradient, that is, the mean curvature flow. So, one looks for hypersurfaces
moving with velocity Hν at every point. This means choosing, among all the ve-
locity functions with fixed L2(µ)-norm equal to

(∫
M

H2 dµ
)1/2, the one such that

the Area of hypersurface decreases most rapidly.
This idea is quite natural and arises often in studying the dynamics of models

of physical situations where the energy is given by the “Area” of the interfaces
between the phases of a system. Moreover, as the Area functional is the simplest
(in terms of derivatives of the parametrization) geometric functional, that is, in-
variant by isometries of R

n+1 and diffeomorphisms of M , the motion by mean
curvature is the simplest variational geometric flow for immersed hypersurfaces.
Other geometric functionals (for instance, depending on the next simpler geomet-
ric invariant, the curvature) generally produce a first variation of order higher than
two in the derivatives of the parametrization and a relative higher order PDE’s
system.
One can consider second-order flows where the velocity of the motion is related to
different functions of the curvature, like the Gauss flow of surfaces, for instance,
where the velocity is given by Gν (G is the Gauss curvature of M , that is, G =
detA) or more complicated flows, but these evolutions are usually not variational,
they do not arise as “gradients” (in the above sense) of geometric functionals (see
Section 1.6).

1.3 The Mean Curvature Flow

Definition 1.3.1. Let ϕ0 : M → R
n+1 be a smooth immersion of an n-dimensional

manifold. The mean curvature flow of ϕ0 is a family of smooth immersions ϕt :
M → Rn+1 for t ∈ [0, T ) such that setting ϕ(p, t) = ϕt(p) the map ϕ : M×[0, T ) →
Rn+1 is a smooth solution of the following system of PDE’s{

∂
∂tϕ(p, t) = H(p, t)ν(p, t),
ϕ(p, 0) = ϕ0(p),

(1.3.1)

where H(p, t) and ν(p, t) are respectively the mean curvature and the unit normal
of the hypersurface ϕt at the point p ∈M .

Remark 1.3.2. Notice that even if the unit normal vector is defined up to a sign,
the field H(p, t)ν(p, t) is independent of such choice.
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Using equation (1.1.2), this system can be rewritten in the appealing form

∂ϕ

∂t
= ∆ϕ

but, despite its formal analogy with the heat equation, actually, it is a second-
order, quasilinear and degenerate, parabolic system, as the Laplacian is the one
associated to the evolving hypersurfaces at time t,

∆ϕ(p, t) = ∆g(p,t)ϕ(p, t) = gij(p, t)∇g(p,t)
i ∇g(p,t)

j ϕ(p, t)

and both g and ∇g depend on the first derivatives of ϕ. Moreover, this operator
is degenerate, as its symbol (the symbol of the linearized operator) admits zero
eigenvalues due to the invariance of the Laplacian by diffeomorphisms, see [48] for
details.

Like the Area functional, the flow is obviously invariant by rotations and
translations, or more generally under any isometry of R

n+1. Moreover, if ϕ(p, t)
is a mean curvature flow and Ψ : M → M is a diffeomorphism, then ϕ̃(p, t) =
ϕ(Ψ(p), t) is still a mean curvature flow. This last property can be reread as “the
flow is invariant under reparametrization”, suggesting that the important objects
in the flow are actually the subsets Mt = ϕ(M, t) of Rn+1.

The problem also satisfies the following parabolic invariance under rescal-
ing (consequence of the property Area(λϕ) = λnArea(ϕ), for any n-dimensional
immersion); if ϕ(p, t) is a mean curvature flow of ϕ0 and λ > 0, then ϕ̃(p, t) =
λϕ(p, λ−2t) is a mean curvature flow of the initial hypersurface λϕ0.

During the flow the Area of the hypersurfaces (which is the natural energy
of the problem) is nonincreasing, indeed by the same computation for the first
variation, we have

∂

∂t
Area(ϕt) =

∂

∂t

∫
M

dµt = −
∫
M

H2 dµt .

This clearly implies the estimate∫ Tmax

0

∫
M

H2 dµt ≤ Area(ϕ0)

in the maximal time interval [0, Tmax) of smooth existence of the flow.

Exercise 1.3.3. By means of this last inequality, try to get an estimate from above
for the maximal time of smooth existence Tmax for closed curves in R2 and compact
surfaces in R3.

Proposition 1.3.4 (Geometric Invariance under Tangential Perturbations). If a
smooth family of immersions ϕ : M × [0, T ) → Rn+1 satisfies the system of PDE’s{

∂
∂tϕ(p, t) = H(p, t)ν(p, t) +X(p, t),
ϕ(p, 0) = ϕ0(p),
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where X is a time-dependent smooth vector field along M such that X(p, t) belongs
to dϕt(TpM) for every p ∈ M and every time t ∈ [0, T ), then, locally around any
point in space and time, there exists a family of reparametrizations (smoothly time-
dependent) of the maps ϕt which satisfies system (1.3.1).
If the hypersurface M is compact, one can actually find uniquely a family of global
reparametrizations of the maps ϕt as above for every t ≥ 0, leaving the initial
immersion ϕ0 unmodified and satisfying system (1.3.1).
Conversely, if a smooth family of moving hypersurfaces ϕ : M × [0, T ) → Rn+1

can be globally reparametrized for t ≥ 0 in order that it moves by mean curvature,
then the map ϕ has to satisfy the system above for some time-dependent vector
field X with X(p, t) ∈ dϕt(TpM).

Proof. First we assume that M is compact; we will produce a smooth global
parametrization of the evolving sets in order to check the definition.
By the tangency hypothesis, the time-dependent vector field on M given by
Y (q, t) = −[dϕt]−1(X(q, t)) is globally well defined and smooth.
Let Ψ : M × [0, T ) → M be a smooth family of diffeomorphisms of M with
Ψ(p, 0) = p for every p ∈M and

∂

∂t
Ψ(p, t) = Y (Ψ(p, t), t) . (1.3.2)

This family exists, is unique and smooth, by the existence and uniqueness theorem
for ODE’s on the compact manifold M .
Considering the reparametrizations ϕ̃(p, t) = ϕ(Ψ(p, t), t), one has

∂ϕ̃

∂t
(p, t) =

∂ϕ

∂t
(Ψ(p, t), t) + dϕt(Ψ(p, t))

(∂Ψ
∂t

(p, t)
)

= H(Ψ(p, t), t)ν(Ψ(p, t), t) +X(Ψ(p, t), t) + dϕt(Ψ(p, t))(Y (Ψ(p, t), t))
= H(Ψ(p, t), t)ν(Ψ(p, t), t) +X(Ψ(p, t), t)

− dϕt(Ψ(p, t))([dϕt(Ψ(p, t))]−1(X(Ψ(p, t), t)))
= H(Ψ(p, t), t)ν(Ψ(p, t), t)

= H̃(p, t)ν̃(p, t) .

Hence, ϕ̃ satisfies system (1.3.1) and ϕ̃0 = ϕ0.
Conversely, this computation also shows that if ϕ̃(p, t) = ϕ(Ψ(p, t), t) satisfies
system (1.3.1), the family of diffeomorphisms Ψ : M × [0, T ) → M must solve
equation (1.3.2), hence, it is unique if we assume Ψ( · , 0) = IdM in order that the
map ϕ0 is unmodified.
In the noncompact case, we have to work locally in space and time, solving the
above system of ODE’s in some positive interval of time in an open subset Ω ⊂M
with compact closure, then obtaining a solution of system (1.3.1) in a possibly
smaller open subset of Ω and some interval of time.
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Assume now that the reparametrized map ϕ̃(p, t) = ϕ(Ψ(p, t), t) is a mean
curvature flow. Differentiating, we get

∂ϕ̃

∂t
(p, t) =

∂ϕ

∂t
(Ψ(p, t), t) + dϕt(Ψ(p, t))

(∂Ψ
∂t

(p, t)
)

= H̃(p, t)ν̃(p, t)
= H(Ψ(p, t), t)ν(Ψ(p, t), t)

that is,
∂ϕ

∂t
(q, t) = H(q, t)ν(q, t) − dϕt(q)

(∂Ψ
∂t

(Ψ−1
t (q), t)

)
,

for every q ∈M and t ∈ [0, T ). Then, the last statement of the proposition follows
by setting X(q, t) = −dϕt(q)

(
∂Ψ
∂t (Ψ−1

t (q), t)
)
. �

Corollary 1.3.5. If a smooth family of hypersurfaces ϕt = ϕ( · , t) satisfies 〈∂tϕ|ν〉 =
H, then it can be everywhere locally reparametrized to a mean curvature flow. If
M is compact, this can be done uniquely by global reparametrizations, without
modifying ϕ0.

Remark 1.3.6. A short way to state the previous proposition and corollary is to
say that the tangential component of the velocity of the points of the hypersurface
does not affect the global “shape” during the motion.
This is particularly meaningful in the case that system (1.3.1) has a unique solu-
tion, for instance when M is compact, as we will see in Theorem 1.5.1 in the next
section.

By this invariance property one is led to speak of mean curvature flow of hy-
persurfaces considering them as subsets of Rn+1 and forgetting their parametriza-
tions. This is clear in the case of embedded hypersurfaces, where the identification
of (M, g(t)) with the images of the embeddings ϕt(M) is immediate, but it also
works for nonembedded hypersurfaces as every immersion is locally an embedding.
We give then a more geometric, alternative definition of the mean curvature flow.
In the sequel of the book it will be clear by the context which one we are using.

Definition 1.3.7. We still say that a family of smooth immersions ϕt : M → Rn+1,
for t ∈ [0, T ), is a mean curvature flow if locally at every point, in space and time,
there exists a family of reparametrizations which satisfies system (1.3.1).

Proposition 1.3.4 expresses the substantial equivalence between this defini-
tion (Eulerian point of view) and Definition 1.3.1 (Lagrangian point of view).

Exercise 1.3.8 (Motion of Graphs). Show that if the smooth hypersurfaces ϕt :
M → Rn+1, moving by mean curvature, are locally graphs on some open subset
Ω of the hyperplane 〈e1, . . . , en〉 ⊂ Rn+1, that is, if we have a smooth function
f : Ω × [0, T ) → R, such that ϕ(p, t) = (x1(p), . . . , xn(p), f(x1(p), . . . , xn(p), t)),
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then

∂tf = ∆f − Hessf(∇f,∇f)
1 + |∇f |2 =

√
1 + |∇f |2 div

(
∇f√

1 + |∇f |2

)
.

On the other hand, if we have a function f satisfying the above parabolic equa-
tion, then its graph is a hypersurface moving by mean curvature (according to
Definition 1.3.7).

Exercise 1.3.9 (Motion of Level Sets). Assume that for every time t ∈ [0, T ) the
image ϕt(M) of the smooth, embedded hypersurfaces ϕt : M → Rn+1, moving by
mean curvature, is the zero set of ft = f( · , t), where f : Rn+1 × [0, T ) → R is a
smooth function and zero is a regular value of ft for every t ∈ [0, T ). Then at all
the points x ∈ Rn+1 and times t ∈ [0, T ) such that f(x, t) = 0 there holds

∂tf = ∆f − Hessf(∇f,∇f)
|∇f |2 = |∇f |div

(
∇f
|∇f |

)
.

Conversely, if we have a smooth function f satisfying the above parabolic equa-
tion, every regular level set of f( · , t) is a hypersurface moving by mean curvature
(according to Definition 1.3.7).

Exercise 1.3.10 (Distance Functions). Compute the evolution equation satisfied
by the signed distance function dMt : Rn+1 × [0, T ) → R at the points x ∈ Mt =
ϕt(M), if the compact and embedded, smooth hypersurfaces ϕt : M → Rn+1 move
by mean curvature.
The signed distance function is the function which coincides with the distance in
the region “outside” a hypersurface and with minus the distance in the “inside”
region (show that it is smooth in a tubular neighborhood of the hypersurface).

Exercise 1.3.11 (Brakke’s Definition [21]). Show that a smooth family of compact
and embedded hypersurfaces ϕt : M → Rn+1 satisfies

d

dt

∫
ϕt(M)

f dHn ≤
∫
ϕt(M)

(
H〈∇f | ν〉 − H2f

)
dHn ,

for every positive function f : Rn+1 → R, if and only if the hypersurfaces are
moving by mean curvature flow (according to Definition 1.3.7).
In the formula Hn is the n-dimensional Hausdorff measure in Rn+1.

1.4 Examples

Spheres and cylinders are the easiest and actually some of the few nontrivial
explicitly computable examples of mean curvature flows (minimal surfaces are
trivial examples as they are not moving at all, satisfying H = 0).
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Let us consider a sphere of radius R which, by the translation invariance of
the flow, we can assume to be centered at the origin of Rn+1. A right guess is
that at every time the hypersurface remains a sphere and the mean curvature flow
simply changes its radius R(t), this is actually true by the uniqueness theorem in
the next section. As the mean curvature is everywhere equal to n/R and since we
chose the inner pointing unit normal, the evolution equation for the radius of the
sphere is simply R′(t) = −n/R(t) with R(0) = R. Indeed, if we set M = Sn and
ϕ(p, t) = R(t)ϕ0(p), being ϕ0 the standard immersion of Sn in Rn+1, we have

R′(t)ϕ0(p) =
∂

∂t
ϕ(p, t) = H(p, t)ν(p, t) = −nϕ0(p)/R(t) ,

which is an ODE that can be easily integrated to get R(t) =
√
R2 − 2nt.

At time Tmax = R2/(2n) the sphere shrinks to a point so the flow becomes singular;
this is the maximal time of existence. We can then write the evolution of the radius
also as R(t) =

√
2n(Tmax − t).

During the flow the norm of the second fundamental form evolves as

|A(t)| =
√
n/R(t) =

1√
2(Tmax − t)

.

Other examples are given by the cylinders S
m(R)×Rn−m. In general, we can

see that if ϕ : M × [0, T ) → Rm+1 is a mean curvature flow of an m-dimensional
hypersurfaceM of Rm+1, then the map ϕ̃ : (M×Rn−m)×[0, T ) → Rm+1×Rn−m =
R
n+1, defined by ϕ̃(p, s, t) = (ϕ(p, t), s), is a mean curvature flow of the immersion

of the product manifold M × Rn−m in R
n+1.

Then, by the above discussion, these cylinders evolve homothetically as S
m(R(t))×

R
n−m, with R(t) =

√
R2 − 2mt and collapse to the subspace {0} × R

n−m at
time Tmax = R2/(2m). Again, the norm of the second fundamental form satisfies
|A(t)| = 1√

2(Tmax−t)
.

Spheres and cylinders are special examples of homothetically shrinking flows,
that is, hypersurfaces that simply move by contraction during the evolution by
mean curvature.

Proposition 1.4.1. If an initial hypersurface ϕ0 : M → Rn+1 satisfies H(p) +
λ〈ϕ0(p) − x0 | ν0(p)〉 = 0 at every point p ∈M for some constant λ > 0 and x0 ∈
Rn+1, then it generates a homothetically shrinking mean curvature flow (according
to Definition 1.3.7).
Conversely, if ϕ : M×[0, T ) → Rn+1 is a homothetically shrinking mean curvature
flow (according to Definition 1.3.7) around some point x0 ∈ Rn+1 in a maximal
time interval, then either H is identically zero or

H(p, t) +
〈ϕ(p, t) − x0 | ν(p, t)〉

2(T − t)
= 0 ,

for every point p ∈M and time t ∈ [0, T ).
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Proof. If the condition is satisfied, we consider the homothetically shrinking flow

ϕ(p, t) = x0 +
√

1 − 2λt(ϕ0(p) − x0)

and we see that

〈∂tϕ(p, t) | ν(p, t)〉 = −λ〈ϕ0(p) − x0 | ν(p, t)〉√
1 − 2λt

=
H(p, 0)√
1 − 2λt

= H(p, t) ,

as ν(p, t) = ν0(p). Hence, by Corollary 1.3.5, this is a mean curvature flow of the
initial hypersurface ϕ0, according to Definition 1.3.7.

Conversely, if the homothetically shrinking evolution

ϕ(p, t) = x0 + f(t)(ϕ0(p) − x0)

is a mean curvature flow, for some positive smooth function f : [0, T ) → R with
f(0) = 1, limt→T f(t) = 0 and f ′(t) ≤ 0, by Corollary 1.3.5 we have 〈∂tϕ | ν〉 = H,
hence

H(p, 0) = f(t)H(p, t)
= f(t)〈∂tϕ(p, t) | ν(p, t)〉
= f(t)f ′(t)〈ϕ0(p) − x0 | ν(p, t)〉
= f ′(t)〈ϕ(p, t) − x0 | ν(p, t)〉 .

If H �= 0 at some point, as ν(p, t) = ν0(p) we have that f(t)f ′(t) is equal to
some constant C for every t ∈ [0, T ), combining the first and the third line of the
above formula. Hence, f(t) =

√
2Ct+ 1 as f(0) = 1 and since limt→T f(t) = 0,

we conclude f(t) =
√

1 − t/T . The thesis then follows from the first and last line
of the formula. �

We underline that again |A(t)| ∼ 1√
2(Tmax−t)

.

Up to a rigid motion and rescaling, solving the above structural equation is equiv-
alent to solving H + 〈ϕ0 | ν0〉 = 0.
In the special case of curves in R2, supposing γ parametrized by its arclength s,
the unit tangent vector is given by τ = γs and the unit normal by ν = Rγs, where
R : R2 → R2 is the counterclockwise rotation of π/2. Then, such equation becomes

γss = k = −〈γ | ν〉 = −〈γ |Rγs〉 ,

hence one can find the homothetically shrinking curves by integrating this ODE.
The only embedded solutions are S1 and the lines through the origin of R2 (see
Appendix E), but there are also several other nonembedded closed curves found
by Abresch and Langer [1] that classified all the possible solutions, see also the
work of Epstein and Weinstein [40].
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Finding homothetically shrinking hypersurfaces when the dimension is higher
than one is difficult (see the discussion in [80]). It is known that besides the “stan-
dard” examples given by the hyperplanes through the origin, the spheres and the
cylinders, there exists a homothetically shrinking, embedded torus in R

3, found by
Angenent [17] (it seems that Grayson was the first to suggest its existence, see [67]).
Moreover, there is numerical evidence that higher genus surfaces in R3 could also
exist, see Chopp [24] and Angenent, Chopp and Ilmanen [18] (see also [80]). Fi-
nally, a tentative strategy to produce new examples is being carried on in some
recent papers by Nguyen [95, 98].

One can also look for homothetically expanding hypersurfaces, which are
characterized by the same equation H+λ〈ϕ0 | ν0〉 = 0 but with a negative constant
λ. These cannot be compact, as one can see easily by looking at the point of
maximum distance from the origin of Rn+1.
As an example, every angle less than π in R

2 contains a convex, unbounded,
homothetically expanding curve under the curvature flow, asymptotic to the edges
of the angle (see also the discussion in [21, Appendix C]). A classification of graph
solutions of the above equation with at most linear growth can be found in [114].

Another notable family of hypersurfaces moving by mean curvature are the
ones generating translating flows, these are hypersurfaces that during the motion
do not change their shape but simply move in a fixed direction with constant
velocity.

Proposition 1.4.2. If an initial hypersurface ϕ0 : M → Rn+1 satisfies H(p) =
〈v | ν0(p)〉 at every point p ∈M for some constant vector v ∈ R

n+1, then it gener-
ates a translating mean curvature flow (according to Definition 1.3.7) with constant
velocity v.
Conversely, if ϕ : M × [0, T ) → Rn+1 is a translating mean curvature flow
(according to Definition 1.3.7) then there exists a vector v ∈ Rn+1 (which is the
velocity of the motion) such that H(p, t) = 〈v | ν(p, t)〉 for every point p ∈ M and
t ∈ [0, T ).

Proof. If the condition is satisfied, we consider the translating flow ϕ(p, t) =
ϕ0(p) + tv and we see that

〈∂tϕ(p, t) | ν(p, t)〉 = 〈v | ν(p, t)〉 = 〈v | ν0(p)〉 = H(p, 0) = H(p, t) ,

as ν(p, t) = ν0(p). Hence, by Corollary 1.3.5, this is a mean curvature flow of the
initial hypersurface ϕ0, according to Definition 1.3.7.

Conversely, if the translating flow ϕ(p, t) = ϕ0(p)+w(t) is a mean curvature
flow, for some smooth, time-dependent vector w : [0, T ) → Rn+1 with w(0) = 0,
by Corollary 1.3.5 we have 〈∂tϕ | ν〉 = H, hence

〈∂tϕ(p, t) | ν(p, t)〉 = 〈w′(t) | ν(p, t)〉 = H(p, t) = H(p, 0) .

Suppose that varying p in M , the image of the unit normal is a subset of Rn+1

whose span is the whole R
n+1, then as ν(p, t) = ν0(p) if we differentiate in time
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the above equality we get 〈w′′(t) | ν0(p)〉 = 0 which implies that w′′(t) = 0 for
every t and w′(t) constant. Then, letting w′ = v, we have the thesis.

In the case that the span of the image of the unit normal is not the whole
Rn+1, all the tangent spaces TpM to ϕ0 have a common nontrivial vector subspace
L ⊂ Rn+1. Decomposing w(t) = l(t) + z(t) with l(t) ∈ L and z(t) ∈ L⊥ we have
l(0) = z(0) = 0 and z′′(t) = 0 by the above argument, as l′(t), l′′(t) ∈ L and z′(t),
z′′(t) ∈ L⊥. Hence, z′(t) is constant and

H(p, t) = 〈w′(t) | ν(p, t)〉 = 〈z′(t) | ν(p, t)〉 = 〈v | ν(p, t)〉

where we set v = z′.
By Proposition 1.3.4 (see also Remark 1.3.6) the translating flow ϕ̃(p, t) = ϕ0(p)+
tv coincides (as sets) with the flow ϕ as ∂tϕ̃ = v, ∂tϕ = w′(t) = l′(t) + v and
l′(t) ∈ L ⊂ TpM for every p ∈M and t ∈ [0, T ). �

In the special case of curves in R
2, if γ is parametrized by its arclength s and

the unit normal is ν = Rγs as before, the above equation becomes

γss = k = 〈v | ν〉 = 〈v |Rγs〉 ,

where R : R2 → R2 is the counterclockwise rotation of π/2. By integrating such
ODE, one can see that the only possible translating curve is given (up to homoth-
eties and rigid motions) by the graph of the function x = − log cos y in the interval
(−π/2, π/2), which was called the grim reaper by Grayson [51].

Figure 1: The grim reaper moving with constant velocity e1.

In higher dimension, for every fixed vector v ∈ R
n+1 there is a unique rota-

tionally symmetric, strictly convex hypersurface (which is actually an entire graph)
moving by translation under the mean curvature flow. Indeed, looking for a convex
graph over a domain in Rn (identified with the hyperplane {xn+1 = 0} ⊂ Rn+1),
translating in the en+1 direction with unit speed, one has to find a convex function
f : Ω → R such that

∆f − Hessf(∇f,∇f)
1 + |∇f |2 = 1

and f(0) = ∇f(0) = 0, where Hessf is the Hessian of f .
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Imposing rotational symmetry around the origin f(x) = f(ρ) with ρ = |x|, this
problem becomes the ODE

fρρ +
(n− 1)fρ

ρ
−

fρρf
2
ρ

1 + f2
ρ

= 1 ,

that is,

fρρ = (1 + f2
ρ )

(
1 − (n− 1)fρ

ρ

)
(1.4.1)

with limρ→0 f(ρ) = limρ→0 f
′(ρ) = 0 for a convex function f : R+ → R.

When n = 1 the solution of this ODE gives the grim reaper; when n > 1 there
is only one solution, defined on all R+ and growing quadratically at infinity. This
solution provides the only rotationally symmetric, convex, translating hypersurface
moving by mean curvature, up to homotheties and rigid motions.

Exercise 1.4.3. Show the claimed properties of the solution of such ODE.

In the paper by Wang [119] it is proved that in dimension two every convex
and translating flow must be rotationally symmetric and that in every dimension
larger than two there exist examples which are not rotationally symmetric and
also non-entire solutions of the above PDE (actually, convex solutions defined in
strips of Rn). See also [121, page 536] and [54].
Recently, Nguyen [96, 97] exhibited some new nonconvex, embedded examples of
translating hypersurfaces, with a trident-like shape at “large scales”.

Finally, there are also rotating (or rotating and dilating/contracting) flows,
see [76, 81] and [26, Section 2.2], like the unbounded spiral in the plane called
the Yin–Yang curve that rotates during its motion by curvature, depicted in the
paper [3] by Altschuler.

We have seen that the homothetically shrinking hypersurfaces cannot “live”
forever; at some maximal time Tmax > 0 the map ϕ becomes singular. This is
a common fact to any compact initial hypersurface, as we will see in the next
chapter in Corollary 2.2.5.
There are two possible reasons why this happens: the first is analytic, the function
ϕ could stop being smooth, usually because some derivatives of ϕ are not bounded
as t → Tmax; the second reason is geometric, when the map ϕ stops being an
immersion, that is, dϕt becomes singular (not one-to-one) at some point of M
and time t = Tmax. We will see that in both cases the curvature of the evolving
hypersurface has to become unbounded, that is, if the second fundamental form
A stays uniformly bounded till Tmax then this latter cannot be the maximal time
of existence of a smooth flow (Proposition 2.4.6).

In all the above self-similar examples, either the flow is smoothly defined for
every positive time or at some finite time the hypersurface instantly completely
vanishes. This is quite a special behavior, indeed, in general the singularities de-
velop only in some regions of the evolving hypersurface. An example of a more
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generic and “concrete” singularity is a nonembedded cardioid curve in the plane
with a small loop: at some time the small loop has shrunk while the rest of the
curve has remained smooth and a cusp has developed (see [14, 15, 16]).
In this example the initial curve was not embedded (we will see in the sequel why
this was necessary); another example, this time embedded, of what can happen at
the singular time is the dumbbell surface [52], or standard neckpinch.
Consider a long thin cylinder (the neck) in R3 smoothly connecting symmetrically
two large spheres at its ends (it is possible to construct an example of such a
surface also with H > 0), then, during the flow one can guess that the cylinder,
which has a large positive mean curvature, shrinks faster than the two big spheres
at its ends which share instead a small curvature, having a large radius. Then,
the cylinder collapses at some time and the hypersurface tends to the symmetric
union of two “water drops” joined at the vertices of their cusps.
The existence of surfaces with this behavior under the mean curvature flow was
first proved rigorously by Grayson [52]. Another similar example was worked out
by Huisken in [67]. The following simple argument can be found in [17]: con-
sider Angenent’s homothetically shrinking torus, mentioned above, surrounding
the “cylindrical” part of a symmetric dumbbell surface and a couple of spheres
“inside” the two side balls, in a way that neither the torus nor the two spheres
touch the dumbbell. We will see in Theorem 2.2.1 that then the four surfaces
cannot touch each other during all their flows, as they have no intersections at
the initial time. If the dumbbell is chosen in such a way that the torus (which is
shrinking homothetically to a point) has an extinction time T smaller than the one
of the two “inside” spheres, the dumbbell must develop some kind of singularity
before T since it is “squeezed” by the torus, but it cannot vanish as it has still to
“contain” the two spheres.

Our last example is the standard torus in R3 obtained by rotating around
the z axis a very small circle with a center far enough from such axis (if the circle
is small enough with respect to its distance from the z axis, this torus has H > 0).
During the evolution by mean curvature, the circle tends to shrink before the whole
torus has time to collapse, hence, by the rotational symmetry which is maintained
during the flow, one expects that at the maximal time the torus develops a circle
of singularities around the z axis. This suggests that in general the limit shape of
an evolving hypersurface at a singular time can be quite wild (some results on the
“size” of the singular sets have been obtained by White [120]).

These last examples motivated the large research in literature about suit-
able weak solutions of the mean curvature flow, in order to define a generalized
evolution even after a singular time. In a physical model, indeed, the interface
could continue the evolution even after such time, possibly in a nonsmooth way.
In the dumbbell situation above, for instance, we intuitively expect that the sur-
face splits in two parts, each of them moving independently after the splitting.
Also for topological applications, in the same spirit of Hamilton’s program for the
Ricci flow, it is important to be able to continue the flow after any singular time
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until the hypersurface (or all the parts in which it separates) converges to some
known limit.
Weak solutions of the mean curvature flow have been introduced by many authors
in different ways; among the others, we recall the definition by Brakke [21], based
on geometric measure theory and the ones by Chen, Giga, Goto [23] and Evans,
Spruck [42] based on the level sets formulation and the theory of viscosity solutions.

1.5 Short Time Existence of the Flow

Theorem 1.5.1. For any initial, smooth and compact hypersurface of Rn+1 given
by an immersion ϕ0 : M → R

n+1, there exists a unique, smooth solution of sys-
tem (1.3.1) in some positive time interval.
Moreover, the solution continuously depends on the initial immersion ϕ0 in C∞.

Remark 1.5.2. In literature this result was proved in several ways:

• Gage and Hamilton used the Nash–Moser inverse function theorem, actu-
ally a very strong tool for the existence of solutions of parabolic systems
of PDE’s (we recall that we are dealing with a degenerate quasilinear sys-
tem), see [48]. To the author’s knowledge, this is the first published proof of
smooth existence for short time, moreover it works in general for the motion
by mean curvature of a compact submanifold of any codimension immersed
in a Riemannian manifold.

• Evans and Spruck in [42, 43] showed the existence of a smooth solution of
the PDE satisfied by the distance function from an embedded hypersurface
moving by mean curvature (see also [88]).

• Huisken and Polden in [72] (or in the Ph.D. Thesis of Polden [102]) reduced
the degenerate parabolic system to a nondegenerate parabolic equation, rep-
resenting the evolving hypersurfaces as graphs over the initial one in a tubular
neighborhood of this latter (this line is mentioned also in [17] and [38]).

This is the proof that we are going to show below and which is the most
natural one in the “classical” approach to mean curvature flow. Moreover it
is quite elastic to be adapted to a very general class of flows of hypersurfaces
and to be generalized to any codimension and any Riemannian ambient space
(see [39]).

Another possibility is to use some version of the so-called DeTurck’s trick
(see [33]), coupling the mean curvature flow with another flow, in order to eliminate
the diffeomorphism invariance of the problem (see [126] and [22]).

Moreover, there are also many existence proofs of generalized evolutions by
mean curvature (after introducing weak definitions of hypersurfaces) of nonregular
or possibly “wild” subsets of Rn+1; some even allow these latter to be merely
closed sets in the Euclidean space. It should be said that, considering nonsmooth
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subsets in these generalized definitions of the flow, the uniqueness fails in several
situations.
We mention some of these approaches:

• The use of theory of viscosity solutions to study the PDE satisfied by the
function f in the formulation of the motion via level sets mentioned in Ex-
ercise 1.3.9, exploited by Evans and Spruck in [42, 43] and Chen, Giga and
Goto in [23].

• The study by Soner [109] of the evolution equation satisfied by the signed
distance function from an embedded hypersurface moving by mean curvature
(see Exercise 1.3.10) by means of barrier comparison arguments and Perron’s
method.

• The varifold approach of Brakke using geometric measure theory, see [21]
(a hint of Brakke’s weak definition of mean curvature flow is given in Exer-
cise 1.3.11).

• Almgren, Taylor and Wang discretization-minimization procedure in [2].

• Ilmanen’s approximation in [77, 78].

Remark 1.5.3. One can show that the mean curvature flow shares a kind of the
usual regularizing property of parabolic equations, for instance, any C2 initial
hypersurface becomes analytic at every positive time, in the sense that it is not
the map ϕt which becomes analytic, but the image hypersurface ϕt(M) ⊂ Rn+1,
that is, it admits an analytic reparametrization.
Moreover, with the right definition, one can let evolve a hypersurface with corners
or other singularities and these latter immediately vanish, see for instance [14, 16]
and [38, 118].

Proof. We follow Huisken and Polden in [72].
Let ϕ0 : M → Rn+1 be a smooth immersion of a compact n-dimensional manifold.
For the moment we assume that this hypersurface is embedded, hence the inner
pointing unit normal vector field ν0 is globally defined and smooth.
We look for a smooth solution ϕ : M × [0, T ) → Rn+1 of the parabolic problem

{
∂
∂t
ϕ(p, t) = H(p, t)ν(p, t),

ϕ(p, 0) = ϕ0(p)

for some T > 0.
Since we are interested in a solution for short time, we can forget about the immer-
sion condition (dϕt nonsingular) as it will follow automatically by the smoothness
of the solution and by the fact that ϕ0 is a compact immersion, when t is close to
zero.
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Keeping in mind Proposition 1.3.4 and Corollary 1.3.5, if we find a smooth solution
of the problem {〈

∂
∂tϕ(p, t) | ν(p, t)

〉
= H(p, t),

ϕ(p, 0) = ϕ0(p),
(1.5.1)

then we are done.
We consider the regular tubular neighborhood Ω = {x ∈ R

n+1 | d(x, ϕ0(M)) < ε},
which exists for ε > 0 small enough. By regular we mean that the map Ψ :
M × (−ε, ε) → Ω defined as Ψ(p, s) = ϕ0(p) + sν0(p) is a diffeomorphism.
Any small deformation of ϕ0(M) inside Ω can be represented as the graph of a
“height” function f over ϕ0(M) and conversely, to any small function f : M → R

we can associate the hypersurface Mf ⊂ Ω given by ϕ(p) = ϕ0(p)+ f(p)ν0(p). We
want to compute now the equation for a smooth function f , time-dependent, in
order that ϕ satisfies system (1.5.1).
Obviously, as f( · , 0) gives the hypersurface ϕ0, we have f(p, 0) = 0 for every
p ∈M .
First we compute the metric and the normal of the perturbed hypersurfaces, we
set fi = ∂if then,

gij(p, t) =
〈
∂ϕ(p, t)
∂xi

∣∣∣∣ ∂ϕ(p, t)
∂xj

〉

=
〈
∂ϕ0

∂xi
+ fiν0 − fhki (0)

∂ϕ0

∂xk

∣∣∣∣ ∂ϕ0

∂xj
+ fjν0 − fhlj(0)

∂ϕ0

∂xl

〉

=
〈
∂ϕ0

∂xi
− fhki (0)

∂ϕ0

∂xk

∣∣∣∣ ∂ϕ0

∂xj
− fhlj(0)

∂ϕ0

∂xl

〉
+ fifj

= gij(p, 0) − 2f(p, t)hij(p, 0) + f2(p, t)hikgklhlj(p, 0) + fi(p, t)fj(p, t)

where we used Gauss–Weingarten equations (1.1.1).
The vectors

∂ϕ(p, t)
∂xi

=
∂ϕ0

∂xi
+ fi(p, t)ν0(p) − f(p, t)hki (p, 0)

∂ϕ0

∂xk

generate the tangent space, hence the normal ν(p, t) is given by

ν(p, t) =
ν0(p) −

〈
ν0(p)

∣∣∣ ∂ϕ(p,t)
∂xi

〉
gij(p, t)∂ϕ(p,t)

∂xj∣∣∣ν0(p) −
〈
ν0(p)

∣∣∣ ∂ϕ(p,t)
∂xi

〉
gij(p, t)∂ϕ(p,t)

∂xj

∣∣∣
=

ν0(p) − fi(p, t)gij(p, t)
∂ϕ(p,t)
∂xj∣∣∣ν0(p) − fi(p, t)gij(p, t)

∂ϕ(p,t)
∂xj

∣∣∣ .
Notice that the normal, the metric and thus its inverse depend only on first space
derivatives of the function f . Moreover, as f(p, 0) = ∇f(p, 0) = 0, everything is
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smooth and since M is compact, when t is small the denominator of the above
expression for the normal is uniformly bounded below away from zero (actually it
is close to one).
Then, we find the second fundamental form,

hij(p, t) =
〈
ν(p, t)

∣∣∣ fij(p, t)ν0 +
∂2ϕ0

∂xi∂xj
− fi(p, t)hkj (0)

∂ϕ0

∂xk

− fj(p, t)hli(0)
∂ϕ0

∂xl
+ f(p, t)

∂2ν0

∂xi∂xj

〉
= 〈ν(p, t) | fij(p, t)ν0〉 + Pij(p, f(p, t),∇f(p, t))

where Pij is a smooth form when f and ∇f are small, hence for t small.
Computing in normal coordinates around p ∈ M with respect to the metric g(t),
the mean curvature is then given by

H(p, t) = gij(p, t)hij(p, t)

= 〈ν(p, t) | ν0(p)〉fij(p, t)gij(p, t) + Pij(p, f(p, t),∇f(p, t))gij(p, t)
= 〈ν(p, t) | ν0(p)〉∆g(t)f + P (p, f(p, t),∇f(p, t)) ,

where P is a smooth function, assuming that f and ∇f are small.
We are finally ready to write down the condition 〈∂tϕ | ν〉 = H in terms of the
function f ,

∂f(p, t)
∂t

〈ν0(p) | ν(p, t)〉 = 〈∂tϕ(p, t) | ν(p, t)〉

=H(p, t)
= 〈ν(p, t) | ν0(p)〉∆g(t)f + P (p, f(p, t),∇f(p, t)) ,

thus, if we divide both sides by 〈ν(p, t) | ν0(p)〉, which we can assume to be nonzero
for a small positive time, we get

∂f(p, t)
∂t

= ∆g(t)f +
P (p, f(p, t),∇f(p, t))

〈ν(p, t) | ν0(p)〉
= ∆g(t)f +Q(p, f(p, t),∇f(p, t))

where Q(p, · , · ) is a smooth function when its arguments are small. Moreover, as
the coefficients of ∆g(t) smoothly converge to the coefficients of ∆g(0) as t → 0,
for t small, the operators ∆g(t) are uniformly strictly elliptic.
Then, if the smooth function f : M × [0, T ) → R solves the following partial
differential equation (before we had to deal with a system of PDE’s){

∂f
∂t (p, t) = ∆g(t)f +Q(p, f,∇f)
f(p, 0) = 0

(1.5.2)
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then ϕ(p, t) = ϕ0(p) + f(p, t)ν0(p) is a solution of system (1.5.1) for the initial
compact embedding ϕ0, in a positive time interval.
Conversely, if we have a mean curvature flow ϕ of ϕ0, for small time the hypersur-
faces ϕt are embedded in the tubular neighborhood Ω of ϕ0(M), then the func-
tion f(p, t) = π(−ε,ε)[Ψ−1(ϕ(p, t))] is smooth and f(p, 0) = π(−ε,ε)[Ψ−1(ϕ0(p))] =
π(−ε,ε)[(p, 0)] = 0, where π(−ε,ε) is the projection map on the second factor of
M × (−ε, ε), hence, by the above computations f must solve problem (1.5.2).
This PDE is a quasilinear strictly parabolic equation, by what we said about the
uniform ellipticity of ∆g(t). In particular it is not degenerate (in some sense, pass-
ing to the height function f we killed the degeneracy of systems (1.3.1) and (1.5.1))
hence, we can apply the (almost standard) theory of quasilinear parabolic PDE’s.
The proof of a general theorem about existence, uniqueness and continuous de-
pendence of a solution for a class of problems including (1.5.2) can be found again
in [72] (see Appendix A).
Using the unique solution f of problem (1.5.2) we consider the associated map
ϕ = ϕ0 +fν0, we possibly restrict the time interval in order that ϕt are all immer-
sions and we apply Corollary 1.3.5 to reparametrize globally the hypersurfaces in a
unique way in order to get a solution of system (1.3.1). This association is one-to-
one, as long as one remains inside the regular tubular neighborhood Ω, hence, ex-
istence, uniqueness, smoothness and dependence on the initial datum of a solution
of system (1.3.1) follows from the analogous result for quasilinear parabolic PDE’s.

If the hypersurface is not embedded, that is, it has self-intersections, since
locally every immersion is an embedding, we only need a little bit more care in the
definition of the height function associated to a mean curvature flow (a regular
global tubular neighborhood is missing), in order to see that the correspondence
between a map ϕ and its height function f is still a bijection, then the same
argument gives the conclusion also in the nonembedded case. �

Remark 1.5.4. This theorem gives the existence and uniqueness of the mean cur-
vature flow in the case of a compact initial hypersurface. The noncompact case is
more involved, as one needs estimates on the initial hypersurface (like similarly, on
the initial datum in order to deal with the heat equation in all Rn) to have existence
in some positive interval of time. One possibility is to assume a uniform control
on the norm of the second fundamental form of the initial hypersurface (see [38]).
Actually, by means of interior estimates (see Appendix B) Ecker and Huisken
in [38] showed that a uniform local Lipschitz condition on a hypersurface is suffi-
cient to guarantee short time existence. Another remarkable consequence of their
work is the fact that the entire graph of a smooth function u : Rn → R has a
smooth global mean curvature evolution for every time, remaining always a graph,
see [37, 38] (notice that the same statement is not true for the heat equation).
Similar interior estimates, depending only on a local bound on the value of a func-
tion (not on its gradient) whose graph is moving by mean curvature, were obtained
by Colding and Minicozzi [28].
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The uniqueness of the evolution by mean curvature of a noncompact initial
hypersurface is another delicate point, like for the heat equation in Rn. One possi-
bility is to restrict the class of “admissible” evolutions, in order to have uniqueness,
to the ones with a uniform bound (local in time) on the second fundamental form
along the flow; see anyway [22] for the strongest result in this context.
Remark 1.5.5. The apparent loss of uniqueness of the flow if one considers the
evolution by mean curvature of a hypersurface given as a subset of Rn+1 (see Re-
mark 1.3.6), due to the arbitrariness in choosing the parametrization, can actually
be dealt with by noticing that the system (1.3.1) is invariant by reparametriza-
tion. Hence, even if possibly the immersions describing the hypersurfaces at time
t are different, the hypersurfaces in Rn+1 are however the same, that is, the flow
is “geometrically” unique.

1.6 Other Second-order Flows

Let S = S(λ1, . . . , λn) be a symmetric function of the principal curvatures. Given
an initial smooth immersion ϕ0 : M → R

n+1 of the n-dimensional manifold M ,
one can consider the more general evolution problem{

∂
∂t
ϕ(p, t) = S(p, t)ν(p, t),

ϕ(p, 0) = ϕ0(p),
(1.6.1)

where S(p, t) is a short way to denote the value of S associated to the curvatures
λ1, . . . , λn of the hypersurface ϕt at the point p ∈M . Besides the mean curvature
flow, which is given by the choice S = λ1 + · · · + λn, other studied cases are the
Gauss curvature flow, where S = λ1λ2 · · ·λn = det A is the Gauss curvature and
the inverse mean curvature flow considering S = (λ1 + · · ·+λn)−1 = 1/H (see [71],
for instance).

For all these flows, we have the following existence result [72], which follows
along the same line of Theorem 1.5.1.

Theorem 1.6.1. Let M be compact and assume that at every point p ∈M we have

∂S
∂λi

(λ1(p), . . . , λn(p)) > 0, i = 1, . . . , n, (1.6.2)

for an initial hypersurface ϕ0, then system (1.6.1) has a unique smooth solution
in some positive time interval.

It can be checked that condition (1.6.2) is equivalent to the parabolicity of
the PDE’s system at the initial time. In the case of the mean curvature flow such
condition is satisfied for every initial hypersurface. For other flows one possibly
needs to restrict the initial hypersurfaces to certain classes. For instance, the above
result ensures the well-posedness of the Gauss curvature flow only when all the
eigenvalues λi are positive everywhere on the initial hypersurface, that is, when it
is strictly convex.





Chapter 2

Evolution of Geometric Quantities

In studying the long term behavior of solutions of parabolic equations and sys-
tems, in particular in the analysis of singularities, a basic step is always to obtain
a priori estimates. These can be integral or pointwise; the main tool in order to
get these latter is the maximum principle, in particular in the context of mean
curvature flow.

2.1 Maximum Principle

Theorem 2.1.1. Assume that g(t), for t ∈ [0, T ), is a family of Riemannian metrics
on a manifold M , with a possible boundary ∂M , such that the dependence on t is
smooth.
Let u : M × [0, T ) → R be a smooth function satisfying

∂tu ≤ ∆g(t)u+ 〈X(p, u,∇u, t) | ∇u〉g(t) + b(u)

where X and b are respectively a continuous vector field and a locally Lipschitz
function in their arguments.
Then, suppose that for every t ∈ [0, T ) there exists a value δ > 0 and a compact
subset K ⊂M \∂M such that at every time t′ ∈ (t− δ, t+ δ)∩ [0, T ) the maximum
of u( · , t′) is attained at least at one point of K (this is clearly true if M is compact
without boundary).
Setting umax(t) = maxp∈M u(p, t) we have that the function umax is locally Lips-
chitz, hence differentiable at almost every time t ∈ [0, T ) and at every differentia-
bility time,

dumax(t)
dt

≤ b(umax(t)) .

As a consequence, if h : [0, T ′) → R is a solution of the ODE{
h′(t) = b(h(t)),
h(0) = umax(0),

for T ′ ≤ T , then u ≤ h in M × [0, T ′).
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Moreover, if M is connected and at some time τ ∈ (0, T ′) we have umax(τ) =
h(τ), then u = h in M × [0, τ ], that is, u( · , t) is constant in space.

Corollary 2.1.2. Under the same hypotheses, when M is connected and the function
b is nonpositive (in particular if it is identically zero), if the maximum of u is
nondecreasing in a time interval I, the function u is constant in M × I.

The first part of the theorem is a consequence of the following lemma. The last
claim, the strong maximum principle, is more involved, see the book of Landis [82]
for a proof and the extensive discussion in [27, Chapter 12].

Lemma 2.1.3 (Hamilton’s Trick [56]). Let u : M×(0, T ) → R be a C1 function such
that for every time t, there exists a value δ > 0 and a compact subset K ⊂M \∂M
such that at every time t′ ∈ (t− δ, t+ δ) the maximum umax(t′) = maxp∈M u(p, t′)
is attained at least at one point of K.

Then, umax is a locally Lipschitz function in (0, T ) and at every differentia-
bility time t ∈ (0, T ) we have

dumax(t)
dt

=
∂u(p, t)
∂t

where p ∈M \ ∂M is any interior point where u( · , t) gets its maximum.

Proof. Fixing t ∈ (0, T ), we have δ > 0 and K as in the hypotheses, hence on
K × (t − δ, t + δ) the function u is Lipschitz with some Lipschitz constant C.
Consider a value 0 < ε < δ, then we have

umax(t+ ε) = u(q, t+ ε) ≤ u(q, t) + εC ≤ umax(t) + εC ,

for some q ∈ K , hence,

umax(t+ ε) − umax(t)
ε

≤ C .

Analogously,

umax(t) = u(p, t) ≤ u(p, t+ ε) + εC ≤ umax(t+ ε) + εC ,

for some p ∈ K, hence,

umax(t) − umax(t+ ε)
ε

≤ C .

With the same argument, considering −δ < ε < 0, we conclude that umax is a
locally Lipschitz function in (0, T ), hence differentiable at almost every time.
Suppose that t is one of such times; let p be a point in the nonempty set {p ∈
M \ ∂M |u(p, t) = umax(t)}.
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By Lagrange’s theorem, for every 0 < ε < δ, u(p, t + ε) = u(p, t) + ε∂u(p,ξ)∂t for
some ξ, hence

umax(t+ ε) ≥ u(p, t+ ε) = umax(t) + ε
∂u(p, ξ)
∂t

,

which implies, as ε > 0,

umax(t+ ε) − umax(t)
ε

≥ ∂u(p, ξ)
∂t

.

Sending ε to zero, we get u′max(t) ≥
∂u(p,t)
∂t

.
If instead we choose −δ < ε < 0 we get

umax(t+ ε) − umax(t)
ε

≤ ∂u(p, ξ)
∂t

and when ε→ 0, we have u′max(t) ≤
∂u(p,t)
∂t

. Thus, we are done. �
Exercise 2.1.4. Prove that the conclusion of the lemma holds also if the function
u is merely locally Lipschitz, provided that all the derivatives involved in the
computations there exist.

Proof of Theorem 2.1.1 – First Part. By the previous lemma, the function umax is
locally Lipschitz and letting t be a differentiability time of umax, we have, choosing
any p ∈M \ ∂M such that u(p, t) = umax(t),

u′max(t) =
∂u(p, t)
∂t

≤∆g(t)u+ 〈X(p, u,∇u, t) | ∇u〉g(t) + b(u(p, t))

≤ b(u(p, t))
= b(umax(t)) .

Let now h : [0, T ′) → R be as in the hypothesis. We define, for ε > 0, the
approximating functions hε : [0, T ′′) → R to be the maximal solutions of the
family of ODE’s {

h′ε(t) = b(hε(t)),
hε(0) = umax(0) + ε .

It is easy to see that, as the function b is locally Lipschitz, then limε→0 hε =
h uniformly on [0, T ′ − δ] for any δ > 0. Suppose that at some positive time
umax > hε and set t > 0 to be the positive infimum of such times (at time zero
umax(0) = hε(0)−ε). Then, umax(t) = hε(t) and, setting Hε = hε−umax, at every
differentiability point of umax in the interval [0, t) we have Hε(0) = ε > 0 and

H ′
ε(t) ≥ b(hε(t)) − b(umax(t)) ≥ −C(hε(t) − umax(t)) = −CHε(t)

where C > 0 is a local Lipschitz constant for b.
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Then, (logHε)′(t) ≥ −C and integrating, logHε|t0 ≥ −Ct, that is, Hε(t) ≥
Hε(0)e−Ct = εe−Ct. In particular, if t→ t, we conclude Hε(t) ≥ εe−Ct > 0 which
is in contradiction with Hε(t) = 0. Hence, umax(t) ≤ hε(t) for every t ∈ [0, T ′− δ)
and sending ε to zero, umax(t) ≤ h(t) for every t ∈ [0, T ′ − δ). As δ > 0 was
arbitrary, we conclude the proof of the first part of the theorem. �
Exercise 2.1.5. When the function umax is not differentiable at t, one can still
actually say something using the upper derivative, that is the lim sup of the incre-
mental ratios; we call this operator d+. Prove that

d+umax(t)
dt

= sup
{p∈M |u(p,t)=umax(t)}

∂u(p, t)
∂t

.

Roughly speaking, the sup and the upper derivative operators can be interchanged.
The same holds for the inf and the lower derivative defined analogously.
What can be said about the left/right derivatives of umax?

Remark 2.1.6. Clearly, there hold analogous results for the minimum of the solu-
tion of the opposite partial differential inequality. Moreover, the maximum princi-
ple for elliptic equations easily follows as the special case where all the quantities
around do not depend on the time variable t.

2.2 Comparison Principle

Theorem 2.2.1 (Comparison Principle for Mean Curvature Flow). Let ϕ : M1 ×
[0, T ) → Rn+1 and ψ : M2 × [0, T ) → R

n+1 be two hypersurfaces moving by mean
curvature, with M1 compact. Then the distance between them is nondecreasing in
time.

Proof. The distance between the two hypersurfaces ϕt : M1 → Rn+1 and ψt :
M2 → Rn+1 at time t, is given by dϕψ(t) = infp∈M1,q∈M2 |ϕ(p, t) − ψ(q, t)|. This
function is locally Lipschitz in time, as the curvature is locally bounded and the two
hypersurfaces move by mean curvature, so it is differentiable almost everywhere
and we assume that t is a differentiability point.

This infimum is actually a minimum as M1 is compact, suppose then that it
is positive and let (pt, qt) be any pair realizing such a minimum.

It is easy to see that, by minimality, the respective tangent spaces at pt and qt
of the two hypersurfaces have to be parallel. Then we can write locally ϕ(p, t) and
ψ(p, t) as graphs of two functions f(p, t) and h(p, t) over one of these tangent spaces
for a small interval of time (t− ε, t+ ε). We can assume that 〈e1, . . . , en〉 ⊂ Rn+1

is such a tangent space with ϕ(pt, t) = (0, f(0, t)) and ψ(qt, t) = (0, h(0, t)) at time
t; moreover f(0, t) > h(0, t).

We know, by Exercise 1.3.8 that

ft = ∆f − Hessf(∇f,∇f)
1 + |∇f |2 and ht = ∆h− Hessh(∇h,∇h)

1 + |∇h|2 .
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Again, by minimality, the function f(x, t)−h(x, t) has a minimum at x = 0, hence,
∆f(0, t) − ∆h(0, t) ≥ 0 and ∇f(0, t) = ∇h(0, t) = 0, but we saw that for graphs,
∆f(0, t) = Hϕ(pt, t)〈νϕ(pt, t) | en+1〉 and ∆h(0, t) = Hψ(qt, t)〈νψ(qt, t) | en+1〉,
thus,

〈Hϕ(pt, t)νϕ(pt, t) − Hψ(qt, t)νψ(qt, t) | en+1〉 = ∆f(0, t) − ∆h(0, t) ≥ 0 .

Now we have pt−qt
|pt−qt| = en+1 by construction and, by Lemma 2.1.3, we can con-

clude, as this analysis holds for all the pairs of points realizing the minimum,
that

d

dt
dϕψ(t) = inf

(pt,qt)∈M1×M2 with |ϕ(pt,t)−ψ(qt,t)|= dϕψ(t)

∂

∂t
|ϕ(pt, t) − ψ(qt, t)|

= inf
(pt,qt)∈M1×M2 with |ϕ(pt,t)−ψ(qt,t)|= dϕψ(t)

〈pt − qt |Hϕνϕ − Hψνψ〉
|pt − qt|

= inf
(pt,qt)∈M1×M2 with |ϕ(pt,t)−ψ(qt,t)|= dϕψ(t)

〈Hϕνϕ − Hψνψ | en+1〉

≥ 0 .

If the minimum is zero, there is nothing to show; obviously the derivative, if it
exists, cannot be negative. �

Exercise 2.2.2. Show the following facts for a compact hypersurface moving by
mean curvature.

• The diameter of the hypersurface decreases during the flow.

• The circumradius of the hypersurface (the radius of the smallest sphere en-
closing the hypersurface) decreases.

Corollary 2.2.3. Let ϕ : M1 × [0, T ) → Rn+1 and ψ : M2 × [0, T ) → Rn+1 be two
hypersurfaces moving by mean curvature such that M1 is compact, M2 is embedded
and ϕ(M1, 0) is strictly “inside” ψ(M2, 0). Then ϕ(M1, t) remains strictly “inside”
ψ(M2, t) for every time t ∈ [0, T ).

Proof. This is an easy consequence of the fact that the distance between the two
hypersurfaces is nondecreasing, so it cannot get to zero, as it starts positive. Hence,
the hypersurface “inside” cannot “touch” the other during the flow. �

Remark 2.2.4. By means of the continuous dependence result in Theorem 1.5.1 one
has a slight improvement of the previous corollary, allowing the two hypersurfaces,
one “inside” the other, to have common points at the initial time. To prove this
fact one can “push” a little inside the initial hypersurface ϕ0 along the gradient
of the distance function from ψ(M2, 0) in a local small tubular neighborhood (M1

is compact), then conclude by the above corollary and the continuous dependence
of the flow on the initial hypersurface.
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By means of the strong maximum principle we can actually show something
more, that is, evolving by mean curvature, the distance between two connected
hypersurfaces (with at least one compact) with possibly only tangent intersections
and such that they “do not cross each other”, is always increasing, otherwise they
must coincide.
This can be seen by using again the idea of the proof of Theorem 1.5.1, writing
the two hypersurfaces as graphs over the initial “external” hypersurface in a small
regular tubular neighborhood of this latter and applying the strong maximum
principle to the “height” functions representing them. As a preliminary step, one
has to consider an “intermediate” hypersurface close enough to the “external”
one which stays in its tubular neighborhood for some positive time. We leave the
technical details to the reader as an exercise.

In other words, if two connected hypersurfaces (one compact “inside” the
other) touch each other at time zero but they are not the same, immediately they
become disjoint, at every positive time.

Even more, in the special case of curves in the plane the number of intersec-
tions (or of self-intersections) is nonincreasing in time, see [14, 16].

Applying Corollary 2.2.3 to the case that ϕ(M2, 0) is a sphere of radius R,
we have the following estimate for the maximal time of smooth existence.

Corollary 2.2.5. Let ϕ : M × [0, T ) → Rn+1 be the mean curvature flow of a
compact hypersurface. If ϕ(M, 0) ⊂ BR(x0) then the flow is contained in BR(x0)
at every time and T ≤ R2/(2n).
Hence, the mean curvature flow of every compact immersed hypersurface develops
a singularity in finite time.
In particular, if Tmax is the maximal time of smooth existence of the flow, then
Tmax ≤ diam2

Rn+1 [ϕ(M, 0)]/2n.

Proof. We have already seen that a sphere of radius R shrinks to a point with
the rule R(t) =

√
R2 − 2nt, hence at time t = R2/(2n) its radius gets to zero. As

ϕ(M, t) ⊂ B√
R2−2nt(x0), at most at time t = R2/(2n) the evolving hypersurface

ϕt must develop a singularity, since at such time it cannot be an immersion.
The last claim is trivial. �

Another consequence of the maximum principle is the following characteriza-
tion of the points of Rn+1 “reached” by the flow at time T , that is, an estimate on
the rate of convergence to a limit hypersurface as t→ T (this will be particularly
interesting when T is a singular time). Roughly speaking, if a hypersurface moving
by mean curvature is “reaching” a point of the Euclidean space at some time, then
it cannot stay “too far” from such a point in the past.

Proposition 2.2.6. Let ϕ : M × [0, T ) → Rn+1 be a mean curvature flow and
define S to be the set of points x ∈ Rn+1 such that there exists a sequence of pairs
(pi, ti) ∈M × [0, T ) with ti ↗ T and ϕ(pi, ti) → x.
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Then, S is closed (and bounded if M is compact), moreover x ∈ S if and only if
for every t ∈ [0, T ) the closed ball of radius

√
2n(T − t) and center x intersects

ϕ(M, t).

Proof. One implication is obvious.
Suppose that x ∈ S and let dt(x) = minp∈M |ϕ(p, t) − x|, that is, the Euclidean
distance from x to the hypersurface at time t.
The function dt : [0, T ) → R is obviously locally Lipschitz and at a differentiability
time with dt(x) > 0, by Hamilton’s trick, Lemma 2.1.3, we have

d′t(x) =
∂

∂t
|ϕ(q, t) − x| ≥ H(q, t)〈ν(q, t) |ϕ(q, t) − x〉

|ϕ(q, t) − x|

for any point q ∈M such that dt(x) = |ϕ(q, t) − x|.
As the closed ball Bdt(x)(x) intersects the hypersurface ϕt only on its boundary
and the vector ϕ(q,t)−x

|ϕ(q,t)−x| is parallel to the normal ν(q, t) by minimality, an easy
geometric argument on the principal eigenvalues of the second fundamental form
shows that

H(q, t)〈ν(q, t) |ϕ(q, t) − x〉
|ϕ(q, t) − x| ≥ −n/dt(x) .

Hence, we conclude that for almost every time t ∈ [0, T ),

d′t(x) ≥ −n/dt(x)

if dt(x) �= 0.
Integrating this differential inequality on [t, s] we get d2

t (x) − d2
s(x) ≤ 2n(s − t)

and by the hypothesis on x we have d2
ti(x) → 0, hence

d2
t (x) = lim

i→∞
d2
t (x) − d2

ti
(x) ≤ lim

i→∞
2n(ti − t) = 2n(T − t)

which is the thesis of the proposition.
The closure of S is obvious, if M is compact S is clearly also bounded by Corol-
lary 2.2.5. �

A very important fact about hypersurfaces moving by mean curvature is the
following.

Proposition 2.2.7. If the initial hypersurface is compact and embedded, then it
remains embedded during the flow.

Proof. Given the mean curvature flow ϕt, if the hypersurface ϕ0 is embedded it
remains so for a small positive time, otherwise we will have a sequence of points
and times, with ϕ(pi, ti) = ϕ(qi, ti) and ti → 0, then, extracting a subsequence (not
relabeled) such that pi → p and qi → q, either p �= q so ϕ(p, 0) = ϕ(q, 0), which is
a contradiction, or p = q. By the smooth existence of the flow, in particular by the
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nonsingularity of the differential of ∂xϕ(p, t) there exists a ball B ⊂ M around p
such that for t ∈ [0, ε) the map ϕt|B is one-to-one, which is in contradiction with
the hypotheses.
This short time embeddedness property is also immediate by revisiting the proof
of the short time existence theorem, representing the moving hypersurfaces as
graphs on the initial one.

This argument also implies that the embeddedness holds in an open time
interval, then we assume that T > 0 is the first time such that the hypersurface ϕt
is no more embedded. The set S of pairs (p, q) with p �= q and ϕ(p, T ) = ϕ(q, T ) is a
nonempty closed set disjoint from the diagonal in M ×M , otherwise ϕT fails to be
an immersion at some point in M . Then, we can find a smooth open neighborhood
Ω of the diagonal with Ω ∩ S = ∅.
We consider the quantity

C = inf
t∈[0,T ]

inf
(p,q)∈∂Ω

|ϕ(p, t) − ϕ(q, t)| ,

then C is positive, as Ω ∩ S = ∅ and ∂Ω is compact. We claim that the function

L(t) = min
(p,q)∈M×M\Ω

|ϕ(p, t) − ϕ(q, t)| ,

is bounded from below by min{L(0), C} > 0 on [0, T ], this is clearly in contradic-
tion with the fact that S is nonempty and contained in M ×M \ Ω.
If at some time L(t) < C it follows that L(t) is achieved by some pairs (p, q) not
belonging to ∂Ω, then (p, q) are inner points ofM×M\Ω and a geometric argument
analogous to the one of the comparison Theorem 2.2.1 shows that dL(t)

dt ≥ 0, hence
L(t) is nondecreasing in time. This last fact clearly implies the claim. �

Remark 2.2.8. Theorem 2.2.1 and Proposition 2.2.7 also hold if the involved hy-
persurfaces are not compact, with some additional assumptions on the behavior
at infinity (for instance, uniform bounds on the curvature), the analysis is anyway
more complicated.

2.3 Evolution of Curvature

Now we derive the evolution equations for g, ν, Γijk, A and H. We already know
that

∂

∂t
gij = −2Hhij .

Differentiating the formula gisgsj = δji we get

∂

∂t
gij = −gis ∂

∂t
gslg

lj = 2Hgishslglj = 2Hhij .
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The derivative of the normal ν is given by〈
∂ν

∂t

∣∣∣∣ ∂ϕ∂xi
〉

= −
〈
ν

∣∣∣∣ ∂2ϕ

∂t∂xi

〉
= −

〈
ν

∣∣∣∣ ∂(Hν)
∂xi

〉
= − ∂H

∂xi
.

Finally the derivative of the Christoffel symbols is

∂

∂t
Γijk =

1
2
gil

{
∂

∂xj

(
∂

∂t
gkl

)
+

∂

∂xk

(
∂

∂t
gjl

)
− ∂

∂xl

(
∂

∂t
gjk

)}

+
1
2
∂

∂t
gil

{
∂

∂xj
gkl +

∂

∂xk
gjl −

∂

∂xl
gjk

}

=
1
2
gil

{
∇j

(
∂

∂t
gkl

)
+ ∇k

(
∂

∂t
gjl

)
−∇l

(
∂

∂t
gjk

)}

+
1
2
gil

{
∂

∂t
gkzΓzjl +

∂

∂t
glzΓzjk +

∂

∂t
gjzΓzkl

+
∂

∂t
glzΓzjk −

∂

∂t
gjzΓzkl −

∂

∂t
gkzΓzjl

}

− 1
2
gis

∂

∂t
gszg

zl

{
∂

∂xj
gkl +

∂

∂xk
gjl −

∂

∂xl
gjk

}

=
1
2
gil

{
∇j

(
∂

∂t
gkl

)
+ ∇k

(
∂

∂t
gjl

)
−∇l

(
∂

∂t
gjk

)}

+ gil
∂

∂t
glzΓzjk − gis

∂

∂t
gszΓzjk

=
1
2
gil

{
∇j

(
∂

∂t
gkl

)
+ ∇k

(
∂

∂t
gjl

)
−∇l

(
∂

∂t
gjk

)}
= − gil {∇j(Hhkl) + ∇k(Hhjl) −∇l(Hhjk)}
= − hik∇jH − hij∇kH + hjk∇iH − H(∇jh

i
k + ∇kh

i
j −∇ihjk) .

Summarizing, we have

∂

∂t
gij = − 2Hhij

∂

∂t
gij =2Hhij

∂

∂t
ν = −∇H

∂

∂t
Γijk =∇H ∗ A + H ∗ ∇A = ∇A ∗ A .

Proposition 2.3.1. The second fundamental form satisfies the evolution equation

∂

∂t
hij = ∆hij − 2Hhilglshsj + |A|2hij . (2.3.1)
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It follows that
∂

∂t
hji = ∆hji + |A|2hji , (2.3.2)

∂

∂t
|A|2 = ∆|A|2 − 2|∇A|2 + 2|A|4

and
∂

∂t
H = ∆H + H|A|2 . (2.3.3)

Proof. Keeping in mind the Gauss–Weingarten relations (1.1.1) and the previous
evolution equations, we compute

∂

∂t
hij =

∂

∂t

〈
ν

∣∣∣∣ ∂2ϕ

∂xi∂xj

〉

=
〈
ν

∣∣∣∣ ∂2(Hν)
∂xi∂xj

〉
−
〈
∇H

∣∣∣∣ ∂2ϕ

∂xi∂xj

〉

=
∂2H
∂xi∂xj

− H
〈
ν

∣∣∣∣ ∂

∂xi

(
hjlg

ls ∂ϕ

∂xs

)〉

−
〈
∂H
∂xl

· ∂ϕ
∂xs

gls
∣∣∣∣ Γkij

∂ϕ

∂xk
+ hijν

〉

=
∂2H
∂xi∂xj

− Hhjlgls
〈
ν

∣∣∣∣ ∂2ϕ

∂xi∂xs

〉
− Γkij

∂H
∂xk

=∇i∇jH − Hhilglshsj .

Then using Simons’ identity (1.1.4) we conclude that

∂

∂t
hij = ∆hij − 2Hhilglshsj + |A|2hij .

The other equations follow from straightforward computations, as ∂
∂tg

ij = 2Hhij .
�

Remark 2.3.2. Since it will be useful in the sequel, we see in detail the evolution
equations in the special one-dimensional case of the flow by curvature γ : S1×[0, T )
of a closed curve in the plane.
We denote by θ the parameter on S1 and by s = s(θ, t) =

∫ θ
0
|∂θγ(θ, t)| dθ the

arclength, τ = ∂sγ is the tangent unit vector and ν = Rτ is the unit normal,
where R : R2 → R2 is the counterclockwise rotation of an angle of π/2, finally
k = 〈∂sτ | ν〉 is the curvature.
Notice that ∂s = |γθ|−1∂θ and that the evolution equation reads ∂tγ = kν = ∂2

ssγ.
Then, we easily get the commutation rule ∂t∂s = ∂s∂t + k2∂s which implies

∂tτ =∂t∂sγ = ∂s∂tγ + k2∂sγ = ∂s(kν) + k2τ = ksν,

∂tν =∂t(Rτ) = R∂tτ = −ksτ,
∂tk =kss + k3 .



2.3. Evolution of Curvature 35

Now we deal with the covariant derivatives of A.

Lemma 2.3.3. The following formula for the interchange of time and covariant
derivative of a tensor T holds:

∂

∂t
∇T = ∇ ∂

∂t
T + T ∗ A ∗ ∇A .

Proof. We suppose that T = Ti1...ik is a covariant tensor, the general case is
analogous, as it will be clear by the following computation:

∂

∂t
∇jTi1...ik =

∂

∂t

(∂Ti1...ik
∂xj

−
k∑
s=1

ΓljisTi1...is−1lis+1...ik

)

=
∂

∂xj

∂Ti1...ik
∂t

−
k∑
s=1

Γljis
∂Ti1...is−1lis+1...ik

∂t

−
k∑
s=1

∂

∂t
ΓljisTi1...is−1lis+1...ik

=∇j
∂Ti1...ik
∂t

−
k∑
s=1

(A ∗ ∇A)ljisTi1...is−1lis+1...ik ,

which is the formula we wanted. �
Lemma 2.3.4. We have, for k > 0, denoting by ∇k the kth iterated covariant
derivative,

∂

∂t
∇khij = ∆∇khij +

∑
p+q+r=k | p,q,r∈N

∇pA ∗ ∇qA ∗ ∇rA.

Proof. We work by induction on k ∈ N. The case k = 0 is given by equation (2.3.1);
we then suppose that the formula holds for k−1. We have, by the previous lemma,

∂

∂t
∇khij =∇ ∂

∂t
∇k−1hij + ∇k−1A ∗ ∇A ∗ A

=∇
(
∆∇k−1hij +

∑
p+q+r=k−1 | p,q,r∈N

∇pA ∗ ∇qA ∗ ∇rA
)

+ ∇k−1A ∗ ∇A ∗ A

=∇∆∇k−1hij +
∑

p+q+r=k | p,q,r∈N

∇pA ∗ ∇qA ∗ ∇rA.

Interchanging now the Laplacian and the covariant derivative and recalling that
Riem = A ∗ A, we have the conclusion, as all the extra terms we get are of the
form A ∗ A ∗ ∇kA and A ∗ ∇A ∗ ∇k−1A. �
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Proposition 2.3.5. The following formula holds:

∂

∂t
|∇kA|2 = ∆|∇kA|2 − 2|∇k+1A|2 +

∑
p+q+r=k | p,q,r∈N

∇pA ∗ ∇qA ∗ ∇rA ∗ ∇kA.

(2.3.4)

Proof. We compute

∂

∂t
|∇kA|2 = 2g

(
∇kA,

∂

∂t
∇kA

)
+ ∇kA ∗ ∇kA ∗ A ∗ A

= 2g
(
∇kA,∆∇kA +

∑
p+q+r=k | p,q,r∈N

∇pA ∗ ∇qA ∗ ∇rA
)

+ ∇kA ∗ ∇kA ∗ A ∗ A

= 2g
(
∇kA,∆∇kA

)
+

∑
p+q+r=k | p,q,r∈N

∇pA ∗ ∇qA ∗ ∇rA ∗ ∇kA

= ∆|∇kA|2 − 2|∇k+1A|2 +
∑

p+q+r=k | p,q,r∈N

∇pA ∗ ∇qA ∗ ∇rA ∗ ∇kA .

�

2.4 Consequences of Evolution Equations

Let us see some consequences of application of the maximum principle to evolution
equations for curvature.
Suppose that we have a mean curvature flow of a compact hypersurface M in the
time interval [0, T ); we have seen that

∂

∂t
|A|2 = ∆|A|2 − 2|∇A|2 + 2|A|4 ≤ ∆|A|2 + 2|A|4

and
∂

∂t
H = ∆H + H|A|2 .

First we deal with the so-called mean convex hypersurfaces that play a major
role in the subject.
A hypersurface is mean convex if H ≥ 0 everywhere. We will see in the next
proposition that this property is preserved by the mean curvature flow. Mean
convexity is a significant generalization of convexity; for instance, it is general
enough to allow the neckpinch behavior described in Section 1.4, in particular,
mean convex hypersurfaces do not necessarily shrink to a point at the singular
time.
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Proposition 2.4.1. Assume that the initial, compact hypersurface satisfies H ≥ 0.
Then, under the mean curvature flow, the minimum of H is increasing, hence H
is positive for every positive time.

Proof. Arguing by contradiction, suppose that in an interval (t0, t1) ⊂ R+ we
have Hmin(t) < 0 and Hmin(t0) = 0 (Hmin is obviously continuous in time and
Hmin(0) ≥ 0).

Let |A|2 ≤ C in such an interval. Then

∂H
∂t

= ∆H + H|A|2 implies
∂Hmin

∂t
≥ CHmin

for almost every t ∈ (t0, t1).
Integrating this differential inequality in [s, t] ⊂ (t0, t1) we get Hmin(t) ≥

eC(t−s)Hmin(s), then sending s→ t+0 we conclude Hmin(t) ≥ 0 for every t ∈ (t0, t1)
which is a contradiction.

Since then H ≥ 0 we get

∂H
∂t

= ∆H + H|A|2 ≥ ∆H + H3/n .

With the notation of Theorem 2.1.1, we let u = −H, X = 0 and b(x) = x3/n,
then, if Hmin(0) = 0 the ODE solution h(t) is always zero; so if at some positive
time Hmin(τ) = 0, we have that H( · , τ) is constant equal to zero on M , but there
are no compact hypersurfaces with zero mean curvature. Hence, Hmin is always
increasing during the flow and H is positive on all M at every positive time. �

Actually, this proposition can be slightly improved as follows.

Proposition 2.4.2. If the initial, compact hypersurface satisfies |A| ≤ αH for some
constant α, then |A| ≤ αH for every positive time.

Proof. We know that H > 0 for every positive time, hence also |A| > 0 for every
positive time which implies that it is smooth as |A|2.
Let [0, T ) be the interval of smooth existence of the flow. Computing the evolution
equation of the function f = |A| − αH, we get

∂f

∂t
=

1
2|A|(∆|A|2 − 2|∇A|2 + 2|A|4) − α(∆H + H|A|2)

=∆|A| + 1
2|A|(2|∇|A||2 − 2|∇A|2) + |A|3 − α(∆H + H|A|2)

=∆f + |A|2f +
1

2|A| (2|∇|A||2 − 2|∇A|2)

≤∆f + |A|2|f | ,

as the term |∇|A||2 − |∇A|2 is nonpositive.



38 Chapter 2. Evolution of Geometric Quantities

Hence, choosing any T ′ < T , if C is the maximum of |A|2 on M × [0, T ′], we have
∂tf ≤ ∆f + C|f | on M × [0, T ′]. By the maximum principle Theorem 2.1.1, as
fmax(0) ≤ 0, we conclude f ≤ 0 on M × [0, T ′]. By the arbitrariness of T ′ < T ,
the thesis follows. �
Corollary 2.4.3. If H > 0 for the initial, compact, n-dimensional hypersurface,
then there exists α0 > 0 such that α0|A|2 ≤ H2 ≤ n|A|2 everywhere on M for
every time.
If the initial hypersurface has positive scalar curvature, then the same holds for
every positive time.

Proof. The first claim is immediate by the compactness of M and the previous
proposition (the second inequality is algebraic).
Recalling that the scalar curvature is equal to H2 − |A|2, positive scalar curvature
implies that H > 0 (H cannot change sign on M and there is always a point where
it is positive, as M is compact) and H2/|A|2 > 1, the second part of this corollary
is also a consequence of Proposition 2.4.2. �
Corollary 2.4.4. Assume that the initial, compact hypersurface has H ≥ 0, then, if
A is not bounded as t→ T then H is also not bounded.

Proof. Immediate consequence of Proposition 2.4.1 and the estimate of the previ-
ous corollary. �

Now we consider the evolution equation of |A|2 which implies

∂

∂t
|A|2max ≤ 2|A|4max .

Notice that |A|2max is always positive, otherwise at some time t we would have
A = 0 identically on M , which would imply that M is a hyperplane in Rn+1 in
contradiction with the compactness hypothesis of M . Hence, we can divide both
members by |A|2max obtaining the following differential inequality for the locally
Lipschitz function 1/|A|2max, holding at almost every time t ∈ [0, T ),

− d

dt

1
|A|2max

≤ 2 .

Integrating in time in any interval [t, s] ⊂ [0, T ), we get

1
|A( · , t)|2max

− 1
|A( · , s)|2max

≤ 2(s− t) .

Suppose now that A is not bounded in [0, T ), that is, there exists a sequence of
times si ↗ T such that |A( · , si)|2max → +∞. Substituting these times si in the
previous inequality and sending i→ ∞, we get

1
|A( · , t)|2max

≤ 2(T − t) .



2.4. Consequences of Evolution Equations 39

Exercise 2.4.5. Show that the only compact hypersurfaces in Rn+1 with constant
mean curvature are the spheres. What can be said about a compact hypersurface
in Rn+1 with constant |A|?

In other words, we have proved the following.

Proposition 2.4.6. If the second fundamental form A during the mean curvature
flow of a compact hypersurface is not bounded as t → T < +∞, then it must
satisfy the following lower bound for its blow-up rate:

max
p∈M

|A(p, t)| ≥ 1√
2(T − t)

for every t ∈ [0, T ).
Hence,

lim
t→T

max
p∈M

|A(p, t)| = +∞ .

Exercise 2.4.7. Assume that the initial, compact hypersurface has H > 0, then the
maximal time of smooth existence of the flow can be estimated as Tmax ≤ n

2H2
min(0)

.

Proposition 2.4.8. If the second fundamental form is bounded in the interval [0, T )
with T < +∞, then all its covariant derivatives are also bounded.

Proof. By Proposition 2.3.5 we have

∂

∂t
|∇kA|2 =∆|∇kA|2 − 2|∇k+1A|2 +

∑
p+q+r=k | p,q,r∈N

∇pA ∗ ∇qA ∗ ∇rA ∗ ∇kA

≤∆|∇kA|2 + P (|A|, . . . , |∇k−1A|)|∇kA|2 +Q(|A|, . . . , |∇k−1A|) ,

where P and Q are smooth functions independent of time (actually they are
polynomials in their arguments). Notice that in the arguments of P,Q there
is not ∇kA; indeed, in the terms ∇pA ∗ ∇qA ∗ ∇rA ∗ ∇kA there can be only
one or two occurrences of ∇kA, since p + q + r = k and p, q, r ∈ N. If there
are two, suppose that r = k, then necessarily p = q = 0 and we estimate
|A∗A∗∇kA∗∇kA| ≤ |A|2|∇kA|2; if there is only one this means that p, q, r < k and
we again estimate |∇pA∗∇qA∗∇rA∗∇kA| ≤ |∇pA∗∇qA∗∇rA|2/2+ |∇kA|2/2.

Reasoning by induction on k, being the case k = 0 in the hypotheses, we
assume that all the covariant derivatives of A up to order k − 1 are bounded,
hence also P (|A|, . . . , |∇k−1A|) and Q(|A|, . . . , |∇k−1A|) are bounded, thus

∂

∂t
|∇kA|2 ≤ ∆|∇kA|2 + C|∇kA|2 +D .

By the maximum principle, this implies

d

dt
|∇kA|2max ≤ C|∇kA|2max +D ,
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and since the interval [0, T ) is bounded, the quantity |∇kA|2max is also bounded,
as one can obtain an easy exponential estimate for the function u(t) = |∇kA|2max,
integrating the ordinary differential inequality u′ ≤ Cu + D, holding for almost
every time t ∈ [0, T ). �

Proposition 2.4.9. If the second fundamental form is bounded in the interval [0, T )
with T < +∞, then T cannot be a singular time for the mean curvature flow of a
compact hypersurface ϕ : M × [0, T ) → Rn+1.

Proof. By the previous proposition we know that all the covariant derivatives
of A are bounded by constants depending on T and the geometry of the initial
hypersurface. As H is bounded, we have

|ϕ(p, t) − ϕ(p, s)| ≤
∫ t

s

|H(p, ξ)| dξ ≤ C(t− s)

for every 0 ≤ s ≤ t < T , then the maps ϕt = ϕ( · , t) uniformly converge to a
continuous limit map ϕT : M → R

n+1 as t→ T .
We fix now a vector v = {vi} ∈ TpM ,

d

dt
log |v|2g =

∂gij
∂t v

ivj

|v|2g
=

−2Hhijvivj

|v|2g
≤ C

|A|2|v|2g
|v|2g

≤ C;

then, for every 0 ≤ s ≤ t < T ,∣∣∣∣∣log
|v|2g(t)
|v|2g(s)

∣∣∣∣∣ ≤
∫ t

s

∣∣∣∣ ddξ log |v|2g(ξ)
∣∣∣∣ dξ ≤ C(t− s)

which implies that the metrics g(t) are all equivalent and the norms | · |g(t) uni-
formly converge, as t → T , to an equivalent norm | · |T which is continuous. As
the parallelogram identity passes to the limit, it must hold also for | · |T , hence
this latter comes from a metric tensor gT which can be obtained by polarization.
Moreover, since gT is equivalent to all the other metrics, it is also positive definite.
Another consequence of such equivalence is that we are free to use any of these
metrics in doing our estimates.

By the evolution equation for the Christoffel symbols, we see that

∣∣Γkij(t)∣∣ ≤ ∣∣Γkij(0)
∣∣ +

∫ t

0

∣∣∣∣ ∂∂ξΓkij(ξ)
∣∣∣∣ dξ ≤ C +

∫ T

0

|A ∗ ∇A| dξ ≤ C +DT ,

for some constants depending only on the initial hypersurface. Thus, the Christoffel
symbols are equibounded in time, after fixing a local chart. This implies for every
tensor S, ∣∣∣∣

∣∣∣∣ ∂S∂xi
∣∣∣∣− |∇iS|

∣∣∣∣ ≤ C|S| ,
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that is, the derivatives in coordinates differ by the relative covariant ones by equi-
bounded terms.

In the rest of the proof, by simplicity, we will denote by ∂ the coordinate
derivatives and by ∇ the covariant ones.

As the time derivative of the Christoffel symbols is a tensor of the form
A ∗ ∇A, we have

|∂t∂sl1...lsΓ
k
ij | = |∂sl1...ls∂tΓ

k
ij | = |∂sl1...lsA ∗ ∇A| ,

hence, by an induction argument on the order s and integration as above, one can
show that

∣∣∂sl1...lsΓkij∣∣ ≤ C for every s ∈ N.
Then, again by induction, the following formula (where we avoid indicating the
indices) relating the iterated covariant and coordinate derivatives of a tensor S,
holds:

| |∇sS| − |∂sS| | ≤
s∑
i=1

∑
j1+···+ji+k≤s−1

∣∣∂j1Γ . . . ∂jiΓ∂kS∣∣ ≤ C

s−1∑
k=1

∣∣∂kS∣∣ .
This implies that if a tensor has all its covariant derivatives bounded, also all the
coordinate derivatives are bounded. In particular this holds for the tensor A, that
is,

∣∣∂kA∣∣ ≤ Ck. Moreover, by induction, as ∇kg = 0 all the coordinate derivatives
of the metric tensor g are equibounded.

We already know that |ϕ| is bounded and |∂ϕ| = 1, then by the Gauss–
Weingarten relations (1.1.1),

∂2ϕ = Γ∂ϕ+ Aν , ∂ν = A ∗ ∂ϕ ,

we get

|∂kϕ| =

∣∣∣∣∣
k−2∑
i=0

(
k − 2
i

)
∂k−2−iΓ∂i+1ϕ+

k−2∑
i=0

(
k − 2
i

)
∂k−2−iA∂iν

∣∣∣∣∣
≤C

k−2∑
i=0

|∂i+1ϕ| + C
k−2∑
i=1

|∂i−1(A ∗ ∂ϕ)| + C

=C
k−2∑
i=0

|∂i+1ϕ| + C
k−2∑
i=1

∣∣∣ ∑
p+q+r=i−1

∂pA ∗ ∂qg ∗ ∂r+1ϕ
∣∣∣ + C

≤C

k−2∑
i=0

|∂i+1ϕ| + C
k−2∑
i=1

i−1∑
r=0

|∂r+1ϕ| + C

≤C
k−2∑
i=0

|∂i+1ϕ| + C
k−2∑
i=1

|∂iϕ| + C

≤C
k−1∑
i=0

|∂iϕ|
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where we estimated with a constant all the occurrences of ∂kA and ∂kg. Hence,
we obtain by induction that |∂kϕ| < Ck for constants Ck independent of time
t ∈ [0, T ). By the Ascoli–Arzelà theorem we can conclude that ϕT : M → Rn+1 is
a smooth immersion and the convergence ϕ( · , t) → ϕT is in C∞.

Moreover, with the same argument, repeatedly differentiating the evolution
equation ∂tϕ = Hν one gets also uniform boundedness of the time derivatives of
the map ϕ, that is |∂st ∂kxϕ| ≤ Cs,k. Hence the map ϕ : M × [0, T ) → Rn+1 can be
extended smoothly to the boundary of the domain of ϕ with the map ϕT .

By means of the short time existence Theorem 1.5.1 we can now “restart” the
flow with the immersion ϕT , obtaining a smooth extension of the map ϕ which is in
contradiction with the fact that T was the maximal time of smooth existence. �

Open Problem 2.4.10. Recently the condition of bounded second fundamental
form was weakened by Le and Sesum [84] to a lower bound on A and an integral
bound on H.
An interesting open problem is whether actually a uniform bound only on the
mean curvature H is sufficient to exclude singularities during the flow (see [85]).

Thus, we conclude this section stating the following slightly improved version
of Theorem 1.5.1.

Theorem 2.4.11. For any initial, compact, smooth hypersurface immersed in Rn+1

there exists a unique mean curvature flow which is smooth in a maximal time
interval [0, Tmax).
Moreover, Tmax is finite and

max
p∈M

|A(p, t)| ≥ 1√
2(Tmax − t)

for every t ∈ [0, Tmax).

Notice that it follows that the maximal time of smooth existence of the flow
can be estimated from below as Tmax ≥ 1

2|A( · ,0)|2max
.

2.5 Convexity Invariance

Corollary 2.4.3 is a consequence of a more general invariance property of the
elementary symmetric polynomials of the curvatures, as we are going to show.
We recall that the elementary symmetric polynomial of degree k of λ1, . . . , λn is
defined as

Sk =
∑

1≤i1<i2<···<ik≤n
λi1λi2 · · ·λik

for k = 1, . . . , n. In particular, if λi are the eigenvalues of the second fundamental
form A we have S1 = H, S2 is the scalar curvature and |A|2 = S2

1 + 2S2.
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It is not difficult to show that

λ1 ≥ 0, . . . , λn ≥ 0 ⇐⇒ S1 ≥ 0, . . . , Sn ≥ 0 , (2.5.1)
λ1 > 0, . . . , λn > 0 ⇐⇒ S1 > 0, . . . , Sn > 0 .

These polynomials enjoy various concavity properties, see [73, 91].

Proposition 2.5.1. Let Γk ⊂ Rn denote the connected component of {Sk > 0}
containing the positive cone. Then Sl > 0 in Γk for all l = 1, . . . , k and the
quotient Sk+1/Sk is concave on Γk.

The above properties remain unchanged if we regard the polynomials Sk as
functions of the Weingarten operator hij instead of the principal curvatures, as we
have the following algebraic result, see [9, Lemma 2.22] or [73, Lemma 2.11].

Proposition 2.5.2. Let f(λ1, . . . , λn) be a symmetric convex (concave) function of
its arguments and let F (A) = f (eigenvalues of A) for any n×n symmetric matrix
A whose eigenvalues belong to the domain of f . Then F is convex (concave).

We are now ready to derive the evolution equations of some relevant quanti-
ties and to apply the maximum principle to obtain some invariance properties.

Proposition 2.5.3. Let F (hij) be a homogeneous function of degree one. Let ϕ be
a mean curvature flow of a compact, n-dimensional hypersurface with H > 0 and
such that hij belongs everywhere to the domain of F . Then,

∂

∂t

F

H
− ∆

F

H
=

2
H

〈
∇H

∣∣∣∇F

H

〉
− 1

H
∂2F

∂hij∂h
k
l

gpq∇ph
i
j∇qh

k
l .

As a consequence, if F is concave (convex), any pinching of the form F ≥ αH
(F ≤ αH) is preserved during the flow by the maximum principle, as the last term
is then nonnegative (nonpositive).

Proof. A straightforward computation using formula (2.3.2) in Proposition 2.3.1
and Euler’s theorem on homogeneous functions yields

∂

∂t

F

H
=

1
H

∂F

∂hij
(∆hij + |A|2hij) −

F

H2
(∆H + |A|2H)

= ∆
F

H
+

2
H

〈
∇H

∣∣∣∇F

H

〉
− 1

H
∂2F

∂hij∂h
k
l

gpq∇ph
i
j∇qh

k
l . �

In particular, the previous proposition can be applied to the quantity F =
Sk+1/Sk, provided Sk �= 0. This leads to the following result, which generalizes
Corollary 2.4.3.

Proposition 2.5.4. Let the initial, compact hypersurface satisfy Sk > 0 everywhere
for a given k ∈ {1, . . . , n} and let ϕ : M × [0, T ) → Rn+1 be its evolution by mean
curvature. Then, for any i = 2, . . . , k there exists αi such that Si ≥ αiHi > 0 for
every p ∈M and t ∈ [0, T ).
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Proof. We assume that the hypersurface M is connected, otherwise we argue com-
ponent by component.
For every pair of of points p and q in M , the set of principal curvatures at p
and the set of principal curvatures at q belong to the same connected component
of {Sk > 0} ⊂ Rn, seeing Sk as a map from Rn to R (connect with an arc the
two points). Then, as the initial hypersurface is compact, there exists a point
p ∈ M where all the principal curvatures are positive (consider a tangent sphere
containing the hypersurface), hence, the set of principal curvatures at all the points
of M belongs to the connected component Γk of the positive cone defined in
Proposition 2.5.1. Hence, for every i = 1, . . . , k we have Si > 0 everywhere on
the initial hypersurface. In particular H = S1 > 0 and, by compactness, we have
Si ≥ βiHSi−1 for suitable constants βi > 0, for any i = 2, . . . , k.
We know from Proposition 2.4.2 that H > 0 everywhere on M for every t ∈ [0, T ).
Then we can consider the quotient S2/H2 = S2/(HS1) which is well defined for
every t and it is greater than β2 at time t = 0. By Proposition 2.5.3 its minimum
is nondecreasing, hence S2 ≥ β2H2 for every t ∈ [0, T ).
We now apply the same procedure to the quotient S3/(HS2) to conclude that it is
greater than β3 for every t ∈ [0, T ), then in general Si ≥ βiHSi−1 for i = 2, . . . , k.
Multiplying together all these inequalities we get

Si ≥ βiHSi−1 ≥ βiβi−1H2Si−2 ≥ · · · ≥ βiβi−1 · · ·β2Hi

and the claim follows by setting αi = βiβi−1 · · ·β2. �
Corollary 2.5.5. If the initial, compact hypersurface is strictly convex, it remains
strictly convex under the mean curvature flow.

Proof. Strict convexity is equivalent to the set of conditions S1, . . . ,Sn > 0 on
the eigenvalues of the second fundamental form, by relations (2.5.1) and these
conditions are preserved under the mean curvature flow, by the previous proposi-
tion. �
Remark 2.5.6. By Hamilton’s strong maximum principle for tensors in [56, Sec-
tion 8] (Theorem C.1.3 in Appendix C), if an initial, compact hypersurface is
only convex (not necessarily strictly convex), then it becomes immediately strictly
convex. Even more precisely, in this case, the smallest eigenvalue of the second
fundamental form on all M increases in time.
Indeed, the Weingarten operator is nonnegative definite for every positive time
and satisfies (see Proposition 2.3.1)

∂

∂t
hji = ∆hji + |A|2hji ,

then by Theorem C.1.3 its rank (hence the rank of A) is constant in some time
interval (0, δ); moreover, the null space is invariant by parallel transport and time.
Then, supposing that such rankm is less than the dimension n of the hypersurface,
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we have an (n − m)-dimensional subspace Np ⊂ TpM at every point p ∈ M ,
invariant by parallel transport, where Ap(v, v) = 0 for every v ∈ Np.
If v ∈ TpM is a vector in the null space, any geodesic γ in M starting at p is also
a geodesic in Rn+1 as γ̇ remains always in the null space of A and

∇R
n+1

γ̇ γ̇ = ∇M
γ̇ γ̇ + A(γ̇, γ̇)ν = 0 .

Hence, all the (n −m)-dimensional null space (as an affine subspace of R
n+1) is

contained in M , which is in contradiction with the compactness of M .
Remark 2.5.7. If the initial hypersurface is not convex, it is not true that the
smallest eigenvalue of A increases; think of Angenent’s homothetically shrinking
torus we mentioned in Section 1.4 (see [17]).

Notice that the results about the strict monotonicity of geometric quantities
during the flow are valid when the initial hypersurface is compact and can fail
otherwise. For instance, an evolving cylinder does not become immediately strictly
convex.

Proposition 2.5.8. If for a constant α ∈ R there holds A ≥ αHg (as forms) for the
initial, compact hypersurface, this condition is preserved during the mean curvature
flow.

Proof. We consider the function f = hijv
ivj − αHgijvivj where vi(p, t) is a time-

dependent smooth vector field such that ∂vi/∂t = Hhikv
k,

∂f

∂t
=
∂hij
∂t

vivj + 2hijvi
∂vj

∂t
− α

∂H
∂t
gijv

ivj + 2αH2hijv
ivj − 2αHgijvi

∂vj

∂t

=(∆hij − 2Hh2
ij + |A|2hij)vivj + 2Hh2

ijv
ivj − α(∆H + H|A|2)gijvivj

=(∆hij + |A|2hij)vivj − α∆Hgijvivj − αH|A|2gijvivj

=∆(hijvivj − αHgijvivj) + |A|2(hij − αHgij)vivj

− 4(∇khij − α∇kHgij)vi∇kvj

− 2(hij − αHgij)∇kv
i∇kvj − 2(hij − αHgij)vi∆vj

=∆f + |A|2f − 4(∇khij − α∇kHgij)vi∇kvj

− 2(hij − αHgij)∇kv
i∇kvj − 2(hij − αHgij)vi∆vj .

Let µ(t) be the smallest value of hij(q, t)vivj − αHgij(q, t)vivj for t fixed, q ∈ M
and v ∈ TqM a unit tangent vector of (M, gt).
Since µ is a locally Lipschitz function, it is differentiable at almost every time;
moreover by the hypotheses, we have µ(0) ≥ 0.
We suppose that there exists an open interval of time (t0, t1) where µ is negative
and µ(t0) = 0. Let t ∈ (t0, t1) be a differentiability point of µ, then there exists a
point p ∈M and a unit vector v ∈ TpM such that

µ(t) = hij(p, t)vivj − αH(p, t)gij(p, t)vivj ≤ hij(q, t)wiwj − αH(q, t)gij(q, t)wiwj
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for every q ∈ M and w ∈ TqM of unit norm. We extend the vector v in space to
a vector field that we still call v with the following properties:

• gt(v(q), v(q)) ≤ 1 for every q ∈M ,
• ∇gtv(p) = 0,
• ∆gtv(p) = 0,

this can be done, for instance, working in local coordinates.
Now we extend v also locally in time by solving the ODE ∂vi/∂t = Hhikv

k and we
consider the associated function f as above.
Notice that since µ(t) is negative in (t0, t1), the function f( · , t) gets a minimum
in space at p ∈M . Indeed, if f(q, t) < 0, we have v(q) �= 0 and

f(p, t) = µ(t) ≤ hij(q, t)vi(q)vj(q) − αH(q, t)gt(v(q), v(q))
gt(v(q), v(q))

=
f(q, t)

gt(v(q), v(q))
≤ f(q, t)

as gt(v(q), v(q)) ≤ 1 by construction. Hence, ∆f(p, t) ≥ 0 and at the point (p, t)
we have

∂f

∂t
= ∆f + |A|2f ≥ Cf

where C > 0 is a constant such that |A|2 ≤ C on [0, t1).
By this inequality, given ε > 0, there exists some t2 ∈ [t0, t], such that if t ∈ [t2, t]
we have

f(p, t) < f (p, t) − C(t− t)f(p, t) + ε(t− t) .

Since v(p, t) is still a unit vector, as ∂g(v, v)/∂t = −2Hhijvivj + 2g(∂v/∂t, v) = 0
so the norm of v is constant, we get

µ(t) ≤ f(p, t) < f (p, t)−C(t− t)f(p, t) + ε(t− t) = µ(t)−C(t− t)µ(t) + ε(t− t) .

In other words µ(t)−µ(t)

t−t ≥ Cµ(t) − ε and since t is a differentiability time for µ,
passing to the limit as t↗ t, we obtain µ′(t) ≥ Cµ(t) − ε.
Finally, as ε is arbitrarily small, we conclude that µ′(t) ≥ Cµ(t).
Since this relation holds at every differentiability time in (t0, t1) where µ < 0,
hence almost everywhere, we can integrate it in the interval (t0, t1). Recalling that
µ(t0) = 0 by continuity, we conclude that µ(t) must be identically zero in [t0, t1)
which is in contradiction with the hypotheses.
Notice the similarities with the proofs of Lemma 2.1.3 and Proposition 2.4.1. �

Exercise 2.5.9. Show that for an initial hypersurface with H > 0 the smallest
eigenvalue of the form hij/H is nondecreasing during the flow.
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Finally, further invariance properties for the mean curvature flow can be ob-
tained again by means of Hamilton’s maximum principle for tensors [56, Sections 4
and 8] (whose proof is a generalization of the argument above), see Appendix C.
Let us first recall a definition; we say that an immersed hypersurface is k-convex,
for some 1 ≤ k ≤ n, if the sum of the k smallest principal curvatures is nonneg-
ative at every point. In particular, one-convexity coincides with convexity, while
n-convexity means nonnegativity of the mean curvature H, that is, mean convexity.
Then we mention the following result generalizing Corollary 2.5.5 (see [75]).

Proposition 2.5.10. If an initial, compact hypersurface is k-convex, then it is so
for every positive time under the mean curvature flow.

Proof. The result follows from Hamilton’s maximum principle for tensors, provided
we show that the inequality λ1 + · · · + λk ≥ αH describes a convex cone in the
set of all matrices, and that this cone is invariant under the system of ODE’s
dhij/dt = |A|2hij for the Weingarten operator.
As

(λ1 + · · · + λk)(p) = min
e1,...,ek∈TpM
gp(ei,ej)=δij

{Ap(e1, e1) + · · · + Ap(ek, ek)} ,

the quantity λ1 + · · ·+λk is a concave function of the Weingarten operator, being
the infimum of a family of linear maps. Therefore the inequality λ1+ · · ·+λk ≥ αH
describes a convex cone of matrices. In addition, the system dhij/dt = |A|2hij
changes the Weingarten operator by homotheties, thus leaves any cone invariant.
The conclusion follows. �





Chapter 3

Monotonicity Formula and
Type I Singularities

Throughout this chapter, ϕ : M × [0, T ) → Rn+1 is the mean curvature flow of an
n-dimensional, compact hypersurface in the maximal interval of smooth existence
[0, T ).

As before we will use the notation ϕt = ϕ( · , t) and H̃n will be the n-
dimensional Hausdorff measure in Rn+1 counting multiplicities.

3.1 The Monotonicity Formula for

Mean Curvature Flow

We show the fundamental monotonicity formula for mean curvature flow, discov-
ered by Huisken in [67] and then generalized by Hamilton in [58, 59].

Lemma 3.1.1. Let f : Rn+1 × I → R be a smooth function. By a little abuse of
notation, we denote by

∫
M
f dµt the integral

∫
M
f(ϕ(p, t), t) dµt(p).

Then the following formula holds:

d

dt

∫
M

f dµt =
∫
M

(ft − H2f + H〈∇f | ν〉) dµt .

Proof. Straightforward computation. �

If ut = −∆R
n+1

u is a solution of the backward heat equation in Rn+1, we
have

d

dt

∫
M

u dµt =
∫
M

(ut − H2u+ H〈∇u | ν〉) dµt (3.1.1)

= −
∫
M

(∆R
n+1

u+ H2u− H〈∇u | ν〉) dµt .
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Lemma 3.1.2. If ψ : M → Rn+1 is a smooth isometric immersion of an n-dim-
ensional Riemannian manifold (M, g), for every smooth function u defined in a
neighborhood of ψ(M) we have

∆g(u(ψ)) = (∆R
n+1

u)(ψ) − (∇2
ννu)(ψ) + H〈ν | (∇u)(ψ)〉 ,

where (∇2
ννu)(ψ(p)) is the second derivative of u in the normal direction ν(p) ∈

R
n+1 at the point ψ(p).

Proof. Let p ∈M and choose normal coordinates at p. Set ũ = u ◦ ψ, then

∆gũ =∇2
ii(u ◦ ψ)

=∇i

(
∂u

∂yα

∂ψα

∂xi

)

=
∂2u

∂yα∂yβ

∂ψα

∂xi

∂ψβ

∂xi
+

∂u

∂yα

∂2ψα

∂x2
i

=
∂2u

∂yα∂yβ

∂ψα

∂xi

∂ψβ

∂xi
+

∂u

∂yα
hiiν

α

=(∆R
n+1

u)(ψ) − (∇2
ννu)(ψ) + H〈ν | (∇u)(ψ)〉 ,

where we used the Gauss–Weingarten relations (1.1.1). �

It follows that, substituting ∆R
n+1

u in formula (3.1.1) and using the previous
lemma, if the function u is positive we get

d

dt

∫
M

u dµt = −
∫
M

(∆g(t)(u(ϕt)) + ∇2
ννu+ H2u− 2H〈∇u | ν〉) dµt

= −
∫
M

(∇2
ννu+ H2u− 2H〈∇u | ν〉) dµt

= −
∫
M

∣∣∣∣H − 〈∇u | ν〉
u

∣∣∣∣
2

u dµt +
∫
M

(
|∇⊥u|2
u

−∇2
ννu

)
dµt ,

where ∇⊥u denotes the projection on the normal space to M of the gradient of u.
Then, assuming that u : R

n+1 × [0, τ) → R is a positive smooth solution of the
backward heat equation ut = −∆R

n+1
u for some τ > 0, we easily get the following

formula:
d

dt

[√
4π(τ − t)

∫
M

u dµt

]
= −

√
4π(τ − t)

∫
M

|H − 〈∇ log u | ν〉|2u dµt (3.1.2)

−
√

4π(τ − t)
∫
M

(
∇2
ννu− |∇⊥u|2

u
+

u

2(τ − t)

)
dµt

in the time interval [0,min{τ, T }).
As we can see, the right-hand side consists of a nonpositive quantity and a term
which is nonpositive if ∇2

ννu
u

− |∇⊥u|2
u2 + 1

2(τ−t) = ∇2
νν logu+ 1

2(τ−t) is nonnegative.
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Setting v(x, s) = u(x, τ − s), the function v : Rn+1 × (0, τ ] → R is a positive
solution of the standard forward heat equation in all Rn+1 and, setting t = τ − s,
we have ∇2

νν log u+ 1
2(τ−t) = ∇2

νν log v+ 1
2s . This last expression is exactly the Li–

Yau–Hamilton 2-form ∇2 log v+ g/(2s) for positive solutions of the heat equation
on a compact manifold (N, g), evaluated on ν ⊗ ν (see [58]).
In the paper [58] (see also [93]) Hamilton generalized the Li–Yau differential Har-
nack inequality in [86] (concerning the nonnegativity of ∆ log v + dimN

2s ) showing
that, under the assumptions that (N, g) has parallel Ricci tensor (∇Ric = 0)
and nonnegative sectional curvatures, the 2-form ∇2 log v + g/(2s) is nonneg-
ative definite (Hamilton’s matrix Li–Yau–Harnack inequality). In particular, in
Rn+1 equipped with the canonical flat metric such hypotheses clearly hold and
∇2
νν logu + 1

2(τ−t) =
(
∇2 log v + gR

n+1

can /(2s)
)
(ν ⊗ ν) ≥ 0. Hence, assuming the

boundedness in space of v (equivalently of u), the monotonicity formula implies
that

√
4π(τ − t)

∫
M
u dµt is nonincreasing in time. We resume this discussion in

the following theorem by Hamilton [58, 59].

Theorem 3.1.3 (Huisken’s Monotonicity Formula – Hamilton’s Extension in Rn+1).
Assume that for some τ > 0 we have a positive smooth solution of the backward
heat equation ut = −∆R

n+1
u in Rn+1 × [0, τ), bounded in space for every fixed

t ∈ [0, τ); then

d

dt

[√
4π(τ − t)

∫
M

u dµt

]
≤ −

√
4π(τ − t)

∫
M

|H − 〈∇ logu | ν〉|2u dµt

in the time interval [0,min{τ, T }).
Remark 3.1.4. In the original paper of Hamilton, the compactness of the ambient
space is required (the proof is based on the maximum principle); in order to extend
his result to Rn+1 we assumed the boundedness in space of u, see Appendix D for
details.

Choosing in particular a backward heat kernel of R
n+1, that is

u(x, t) = ρx0,τ (x, t) =
e−

|x−x0|2
4(τ−t)

[4π(τ − t)](n+1)/2

in formula (3.1.2), we get the standard Huisken’s monotonicity formula, as the Li–
Yau–Hamilton expression ∇2

ννu− |∇⊥u|2
u

+ u
2(τ−t) is identically zero in this case.

Theorem 3.1.5 (Huisken’s Monotonicity Formula). For every x0 ∈ Rn+1 and τ > 0
we have (see [67])

d

dt

∫
M

e−
|x−x0|2
4(τ−t)

[4π(τ − t)]n/2
dµt = −

∫
M

e−
|x−x0|2
4(τ−t)

[4π(τ − t)]n/2

∣∣∣∣H +
〈x− x0 | ν〉

2(τ − t)

∣∣∣∣
2

dµt

in the time interval [0,min{τ, T }).
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Hence, the integral ∫
M

e−
|x−x0|2
4(τ−t)

[4π(τ − t)]n/2
dµt

is nonincreasing during the flow in [0,min{τ, T }).

Exercise 3.1.6. Show that for every x0 ∈ Rn+1, τ > 0 and a smooth function
v : M × [0, T ) → R, we have

d

dt

∫
M

e−
|x−x0|2
4(τ−t)

[4π(τ − t)]n/2
v dµt = −

∫
M

e−
|x−x0|2
4(τ−t)

[4π(τ − t)]n/2

∣∣∣∣H +
〈x− x0 | ν〉

2(τ − t)

∣∣∣∣
2

v dµt

+
∫
M

e−
|x−x0|2
4(τ−t)

[4π(τ − t)]n/2
(vt − ∆g(t)v) dµt ,

in the time interval [0,min{τ, T }).
In particular if v : M × [0, T ) → R is a smooth solution of vt = ∆g(t)v,

d

dt

∫
M

e−
|x−x0|2
4(τ−t)

[4π(τ − t)]n/2
v dµt = −

∫
M

e−
|x−x0|2
4(τ−t)

[4π(τ − t)]n/2

∣∣∣∣H +
〈x− x0 | ν〉

2(τ − t)

∣∣∣∣
2

v dµt

in [0,min{τ, T}).

3.2 Type I Singularities and the Rescaling Procedure

In the previous chapter we showed that the curvature must blow up at the maximal
time T with the lower bound

max
p∈M

|A(p, t)| ≥ 1√
2(T − t)

.

Definition 3.2.1. Let T be the maximal time of existence of a mean curvature flow.
If there exists a constant C > 1 such that we have the upper bound

max
p∈M

|A(p, t)| ≤ C√
2(T − t)

,

we say that the flow is developing at time T a type I singularity.
If such a constant does not exist, that is

lim sup
t→T

max
p∈M

|A(p, t)|
√
T − t = +∞,

we say that we have a type II singularity.
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In this chapter we deal exclusively with type I singularities and the mono-
tonicity formula will be the main tool for the analysis. The next chapter will be
devoted to type II singularities.

From now on, we assume that there exists some constant C0 > 1 such that

1√
2(T − t)

≤ max
p∈M

|A(p, t)| ≤ C0√
2(T − t)

, (3.2.1)

for every t ∈ [0, T ).
Let p ∈M and 0 ≤ t ≤ s < T , then

|ϕ(p, s) − ϕ(p, t)| =
∣∣∣∣
∫ s

t

∂ϕ(p, ξ)
∂t

dξ

∣∣∣∣ ≤
∫ s

t

|H(p, ξ)| dξ

≤
∫ s

t

C0
√
n√

2(T − ξ)
dξ ≤ C0

√
n(T − t)

which implies that the sequence of functions ϕ( · , t) converges as t → T to some
function ϕT : M → Rn+1. Moreover, as the constant C0 is independent of p ∈M ,
such convergence is uniform and the limit function ϕT is continuous. Finally,
passing to the limit in the above inequality, we get

|ϕ(p, t) − ϕT (p)| ≤ C0

√
n(T − t) . (3.2.2)

Throughout the chapter we will denote ϕT (p) by p̂.

Definition 3.2.2. Let S be the set of points x ∈ R
n+1 such that there exists a

sequence of pairs (pi, ti) ∈M × [0, T ) with ti ↗ T and ϕ(pi, ti) → x.
We call S the set of reachable points.

We have seen in Proposition 2.2.6 that S is compact and that x ∈ S if and
only if, for every t ∈ [0, T ) the closed ball of radius

√
2n(T − t) and center x

intersects ϕ(M, t). We show now that S = {p̂ | p ∈M}.
Clearly {p̂ | p ∈ M} ⊂ S, suppose that x ∈ S and ϕ(pi, ti) → x, then, by inequal-
ity (3.2.2) we have |ϕ(pi, ti) − p̂i| ≤ C0

√
n(T − ti), hence, p̂i → x as i → ∞. As

the set {p̂ | p ∈M} is closed it follows that it must contain the point x.
We define now a tool which will be fundamental in the sequel.

Definition 3.2.3. For every p ∈M , we define the heat density function

θ(p, t) =
∫
M

e−
|x−p̂|2
4(T−t)

[4π(T − t)]n/2
dµt

and the limit heat density function as

Θ(p) = lim
t→T

θ(p, t) .
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As M is compact, we can also define the maximal heat density

σ(t) = max
x0∈Rn+1

∫
M

e−
|x−x0|2
4(T−t)

[4π(T − t)]n/2
dµt (3.2.3)

and its limit Σ = limt→T σ(t).

Clearly, θ(p, t) ≤ σ(t), for every p ∈ M and t ∈ [0, T ) and Θ(p) ≤ Σ for
every p ∈M .

The function Θ is well defined as the limit exists and is finite, since θ(p, t) is
monotone nonincreasing in t and positive. Moreover, the functions θ( · , t) are all
continuous and monotonically converging to Θ, hence this latter is upper semi-
continuous and nonnegative.

The function σ : [0, T ) → R is also positive and monotone nonincreasing,
being the maximum of a family of nonincreasing smooth functions, hence the
limit Σ is well defined and finite. Moreover, such a family is uniformly locally
Lipschitz (look at the right-hand side of the monotonicity formula), hence also σ
is locally Lipschitz; then by Hamilton’s trick 2.1.3, at every differentiability time
t ∈ [0, T ) of σ we have

σ′(t) = −
∫
M

e−
|x−xt|2
4(T−t)

[4π(T − t)]n/2

∣∣∣∣H +
〈x− xt | ν〉
2(T − t)

∣∣∣∣
2

dµt (3.2.4)

where xt ∈ Rn+1 is any point where the maximum defining σ(t) is attained, that is

σ(t) =
∫
M

e−
|x−xt|2
4(T−t)

[4π(T − t)]n/2
dµt .

Remark 3.2.4. Notice that we did not define σ(t) as the maximum of θ( · , t),

max
p∈M

∫
M

e−
|x−p̂|2
4(T−t)

[4π(T − t)]n/2
dµt,

which is taken among p ∈M . Clearly, this latter can be smaller than σ(t).

We rescale now the moving hypersurfaces around p̂ = limt→T ϕ(p, t), follow-
ing Huisken [67],

ϕ̃(q, s) =
ϕ(q, t(s)) − p̂√

2(T − t(s))
s = s(t) = −1

2
log(T − t)
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and compute the evolution equation for ϕ̃(q, s) in the time interval
[
− 1

2
logT,+∞

)
,

∂ϕ̃(q, s)
∂s

=
(
ds

dt

)−1
∂

∂t

(
ϕ(q, t) − p̂√

2(T − t)

)

=
√

2(T − t)
∂ϕ(q, t)
∂t

+
ϕ(q, t) − p̂√

2(T − t)

=
√

2(T − t) H(q, t)ν(q, t) + ϕ̃(q, s)

= H̃(q, s)ν̃(q, s) + ϕ̃(q, s) ,

where H̃ is the mean curvature of the rescaled hypersurfaces ϕ̃s = ϕ̃( · , s).
As |Ã| =

√
2(T − t) |A| ≤ C0 < +∞, all the hypersurfaces ϕ̃s have equi-

bounded curvatures, moreover,

|ϕ̃(p, s)| =

∣∣∣∣∣ϕ(p, t(s)) − p̂√
2(T − t(s))

∣∣∣∣∣ ≤ C0

√
2n(T − t(s))√
2(T − t(s))

= C0

√
n

which implies that at every time s the open ball of radius C0

√
2n centered at the

origin of R
n+1 intersects the hypersurface ϕ̃( · , s). More precisely, the point ϕ̃(p, s)

belongs to the interior of such a ball.

Then, we rescale also the monotonicity formula in order to get information
on these hypersurfaces.

Proposition 3.2.5 (Rescaled Monotonicity Formula). We have

d

ds

∫
M

e−
|y|2
2 dµ̃s = −

∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃s ≤ 0 (3.2.5)

which integrated becomes

∫
M

e−
|y|2
2 dµ̃s1 −

∫
M

e−
|y|2
2 dµ̃s2 =

∫ s2

s1

∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃s ds .

In particular,

∫ +∞

− 1
2 log T

∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃s ds ≤

∫
M

e−
|y|2
2 dµ̃− 1

2 log T ≤ C < +∞ ,

for a uniform constant C = C(Area(ϕ0), T ) independent of s ∈
[
− 1

2 logT,+∞
)

and p ∈M .
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Proof. Keeping in mind that y = x−p̂√
2(T−t) and s = − 1

2 log(T − t), we have

d

ds

∫
M

e−
|y|2
2 dµ̃s =

(
ds

dt

)−1
d

dt

∫
M

e−
|y|2
2 dµ̃s

= 2(T − t)
d

dt

∫
M

e−
|x−p̂|2
4(T−t)

[2(T − t)]n/2
dµt

= − 2(T − t)
∫
M

e−
|x−p̂|2
4(T−t)

[2(T − t)]n/2

∣∣∣∣H +
〈x− p̂ | ν〉
2(T − t)

∣∣∣∣
2

dµt

= − 2(T − t)
∫
M

e−
|y|2
2

∣∣∣∣∣ H̃√
2(T − t)

+
〈y | ν̃〉√
2(T − t)

∣∣∣∣∣
2

dµ̃s

= −
∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃s .

The other two statements trivially follow. �

As a first consequence, we work out an upper estimate on the volume of the
rescaled hypersurfaces in the balls of Rn+1.
Fix a radius R > 0, if BR = BR(0) ⊂ R

n+1, then we have

H̃n(ϕ̃(M, s) ∩BR) =
∫
M

χBR(y) dµ̃s (3.2.6)

≤
∫
M

χBR(y)e
R2−|y|2

2 dµ̃s

≤ eR2/2

∫
M

e−
|y|2
2 dµ̃s

≤ eR2/2

∫
M

e−
|y|2
2 dµ̃− 1

2 log T

≤ ĈeR2/2

where the constant Ĉ is independent of R and s.

Remark 3.2.6. As

∫
M

e−
|y|2
2 dµ̃− 1

2 log T =
∫
M

e−
|x−p̂|2

4T

(2T )n/2
dµ0 ≤ Area(ϕ0)

(2T )n/2
,

we can choose the constant Ĉ to be independent also of p ∈M .

Another consequence is the following key technical lemma which is necessary
in order to take the limits of integrals of functions on the sequences of rescaled
hypersurfaces.
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Lemma 3.2.7 (Stone [115]). The following estimates hold.

1. There is a uniform constant C = C(n,Area(ϕ0), T ) such that, for any p ∈M
and for all s, ∫

M

e−|y| dµ̃s ≤ C .

2. For any ε > 0 there is a uniform radius R = R(ε, n,Area(ϕ0), T ) such that,
for any p ∈M and for all s,∫

ϕ̃s(M)\BR(0)

e−|y|2/2 dH̃n ≤ ε ,

that is, the family of measures e−|y|2/2 dH̃n ϕ̃s(M) is tight (see [32]).

Proof. By the rescaled monotonicity formula (3.2.5) we have that, for any p ∈M
and for all s, ∫

M

e−|y|2/2 dµ̃s ≤
∫
M

e−|y|2/2 dµ̃− 1
2 logT .

According to Remark 3.2.6, the right-hand integral may be estimated by a constant
depending only on T and Area(ϕ0), not on p ∈ M . Hence, we have the following
estimates for all p ∈M and for all s,∫

ϕ̃s(M)∩Bn+1(0)

e−|y| dH̃n ≤ C1 (3.2.7)

and ∫
ϕ̃s(M)∩B2n+2(0)

e−|y| dH̃n ≤ C2 (3.2.8)

where C1 and C2 are constants depending only on n, T and Area(ϕ0).
By the evolution equation for the rescaled hypersurfaces ϕ̃s we get d

ds µ̃s = (n −
H̃2)µ̃s, then we compute for any p and s,

d

ds

∫
M

e−|y| dµ̃s =
∫
M

{
n− H̃2 − 1

|y| 〈y | H̃ν̃ + y〉
}
e−|y| dµ̃s

≤
∫
M

{
n− H̃2 − |y| + |H̃|

}
e−|y| dµ̃s

<

∫
M

{
n+ 1 − |y|

}
e−|y| dµ̃s

≤ (n+ 1)

{∫
ϕ̃s(M)∩Bn+1(0)

e−|y| dH̃n −
∫
ϕ̃s(M)\B2n+2(0)

e−|y| dH̃n

}
.

But then, by inequality (3.2.7) we see that we must have either

d

ds

∫
M

e−|x| dµ̃s < 0 , or
∫
ϕ̃s(M)\B2n+2(0)

e−|y| dH̃n ≤ C1 .
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Hence, in view of inequality (3.2.8), it follows that either

d

ds

∫
M

e−|y| dµ̃s < 0 , or
∫
M

e−|y| dµ̃s ≤ C1 + C2 ,

which implies∫
M

e−|y| dµ̃s ≤ max
{(
C1 + C2

)
,

∫
M

e−|y| dµ̃− 1
2 log T

}
= C3

for any p and s.
The proof of part (1) of the lemma follows by noticing that the integral quantity
on the right-hand side can clearly be estimated by a constant depending on T and
Area(ϕ0) but not on p ∈M .

Let now again p ∈ M and s ∈
[
− 1

2 logT,+∞
)

arbitrary. Now subdivide

ϕ̃s(M) into “annular pieces”
{
M̃k
s

}∞
k=0

by setting

M̃0
s = ϕ̃s(M) ∩B1(0) ,

and for each k ≥ 1,

M̃k
s =

{
y ∈ ϕ̃s(M) | 2k−1 ≤ |y| < 2k

}
.

Then, by part (1) of the lemma H̃n(M̃k
s ) ≤ C3e

(2k) for each k, independently of
the choice of p and s. Hence in turn, for each k we have∫

M̃k
s

e−|y|2/2 dH̃n ≤ C3e
− 1

2 (2k−1)2e(2
k) = C3e

(2k−22k−3)

again independently of the choice of p and s.
For any ε > 0 we can find a k0 = k0(ε, n,Area(ϕ0), T ) such that

∞∑
k=k0

C3e
(2k−22k−3) ≤ ε ,

then, if R = R(ε, n,Area(ϕ0), T ) is simply taken to be equal to 2k0−1, we have

∫
ϕ̃s(M)\BR(0)

e−|y|2/2 dH̃n =
∞∑

k=k0

∫
M̃k
s

e−|y|2/2 dH̃n

≤
∞∑

k=k0

C3e
(2k−22k−3) ≤ ε

and we are done also with part (2) of the lemma. �
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Corollary 3.2.8. If a sequence of rescaled hypersurfaces ϕ̃si locally smoothly con-
verges (up to reparametrization) to some limit hypersurface M̃∞, we have∫

M̃∞
e−|y| dH̃n ≤ C

and

lim
i→∞

∫
M

e−
|y|2
2 dµ̃si =

∫
M̃∞

e−
|y|2
2 dH̃n ,

where the constant C is the same as in the previous lemma.

Proof. Actually, it is sufficient to show only that the measures H̃n ϕ̃(M, si) as-
sociated to the hypersurfaces weakly∗-converge to the measure H̃n M̃∞. Indeed,
for every R > 0 we have,∫

M̃∞∩BR(0)

e−|y| dH̃n ≤ lim inf
i→∞

∫
ϕ̃(M,si)∩BR(0)

e−|y| dH̃n

≤ lim inf
i→∞

∫
M

e−|y| dµ̃si ≤ C

by the first part of the lemma above. Sending R to +∞, the first inequality follows.
The second statement is an easy consequence of the estimates in the second part
of the lemma. �

Now we want to estimate the covariant derivatives of the rescaled hypersur-
faces.

Proposition 3.2.9 (Huisken [67]). For every k ∈ N there exists a constant Ck
depending only on k, n, C0 (the constant in formula (3.2.1)) and the initial hy-
persurface such that |∇̃kÃ|g̃ ≤ Ck for every p ∈M and s ∈

[
− 1

2 log T,+∞
)
.

Proof. By Proposition 2.3.5 we have for the original flow,

∂

∂t
|∇kA|2 = ∆|∇kA|2 − 2|∇k+1A|2 +

∑
p+q+r=k | p,q,r∈N

∇pA ∗ ∇qA ∗ ∇rA ∗ ∇kA ,

hence, with a straightforward computation, noticing that |∇̃kÃ|2g̃ = |∇kA|2g[2(T −
t)]k+1 we get

∂

∂s
|∇̃kÃ|2g̃ ≤ − 2(k + 1)|∇̃kÃ|2g̃ + ∆̃|∇̃kÃ|2g̃ − 2|∇̃k+1Ã|2g̃

+ C(n, k)
∑

p+q+r=k | p,q,r∈N

|∇̃pÃ|g̃|∇̃qÃ|g̃|∇̃rÃ|g̃|∇̃kÃ|g̃.
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As |Ã|g̃ is bounded by the constant C0, supposing by induction that for i =
0, . . . , k− 1 we have uniform bounds on |∇̃iÃ|g̃ with constants Ci = Ci(n,C0, ϕ0),
we can conclude by means of Peter–Paul inequality

∂

∂s
|∇̃kÃ|2g̃ ≤ ∆̃|∇̃kÃ|2g̃ +Bk|∇̃kÃ|2g̃ − 2|∇̃k+1Ã|2g̃ +Dk

for some constants Bk and Dk depending only on n, k, C0 and the initial hyper-
surface.
Then,

∂

∂s
(|∇̃kÃ|2g̃ +Bk|∇̃k−1Ã|2g̃) ≤ ∆̃|∇̃kÃ|2g̃ +Bk|∇̃kÃ|2g̃ − 2|∇̃k+1Ã|2g̃

+Bk∆̃|∇̃k−1Ã|2g̃ +BkBk−1|∇̃k−1Ã|2g̃
− 2Bk|∇̃kÃ|2g̃ +Dk +BkDk−1

≤ ∆̃(|∇̃kÃ|2g̃ +Bk|∇̃k−1Ã|2g̃) −Bk|∇̃kÃ|2g̃
+BkBk−1|∇̃k−1Ã|2g̃ +Dk +BkDk−1

≤ ∆̃(|∇̃kÃ|2g̃ +Bk|∇̃k−1Ã|2g̃) −Bk|∇̃kÃ|2g̃
+BkBk−1C

2
k−1 +Dk +BkDk−1

≤ ∆̃(|∇̃kÃ|2g̃ +Bk|∇̃k−1Ã|2g̃)
−Bk(|∇̃kÃ|2g̃ +Bk|∇̃k−1Ã|2g̃)
+BkBk−1C

2
k−1 +Dk +BkDk−1 +B2

kC
2
k−1

where we used the inductive hypothesis |∇̃k−1Ã|g̃ ≤ Ck−1.
By the maximum principle, the function |∇̃kÃ|2g̃ +Bk|∇̃k−1Ã|2g̃ is then uniformly
bounded in space and time by a constant C2

k depending on n, k, C0 and the initial
hypersurface, hence |∇̃kÃ|g̃ ≤ Ck. By the inductive hypothesis, the thesis of the
proposition follows. �

We are now ready to study the convergence of the rescaled hypersurfaces as
s→ +∞.

Proposition 3.2.10. For every point p ∈M and every sequence of times si → +∞
there exists a subsequence (not relabelled) of times such that the hypersurfaces ϕ̃si ,
rescaled around p̂, locally smoothly converge (up to reparametrization) to some
nonempty, smooth, complete limit hypersurface M̃∞ such that H̃ + 〈y | ν̃〉 = 0 for
every y ∈ M̃∞.
Any limit hypersurface satisfies H̃n(M̃∞ ∩BR) ≤ CR for every ball of radius R in
Rn+1 and for every k ∈ N there are constants Ck such that |∇̃kÃ|g̃ ≤ Ck.

Moreover, if the initial hypersurface was embedded, M̃∞ is embedded.
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Proof. We give a sketch of the proof, following Huisken [67].
By estimate (3.2.6) there is a uniform upper bound on Hn(ϕ̃(M, s)∩BR) for each
R, independent of s. Moreover, by the uniform control on the norm of the second
fundamental form of the rescaled hypersurfaces in Proposition 3.2.9, there is a
number r0 > 0 such that, for each s and each q ∈ M , if Usr0,q is the connected
component of ϕ̃−1

s (Br0(ϕ̃s(q))) in M containing q, then ϕ̃s(U sr0,q) can be written
as a graph of a smooth function f over a subset of the ball of radius r0 in the
tangent hyperplane to ϕ̃s(M) ⊂ Rn+1 at the point ϕ̃s(q).
The estimates of Proposition 3.2.9 then imply that all the derivatives of such
function f up to the order α ∈ N are bounded by constants Cα independent of s.
Following now the method in [83] we can see that, for each R > 0, a subsequence of
the hypersurfaces ϕ̃(M, s)∩BR(0) must converge smoothly to a limit hypersurface
in BR(0). Then, the existence of a smooth, complete limit hypersurface M̃∞ follows
from a diagonal argument, letting R→ +∞. Recalling the fact that every rescaled
hypersurface intersects the ball of radius C0

√
2n centered at the origin of Rn+1,

this limit cannot be empty. The estimates on the volume and derivatives of the
curvature follow from the analogous properties for the converging sequence.
The fact that M̃∞ satisfies H̃ + 〈y | ν̃〉 = 0 is a consequence of the rescaled mono-
tonicity formula and of the uniform estimates on the curvature and its covariant
derivatives for the rescaled hypersurfaces in Proposition 3.2.9. Indeed, by means
of equation (2.3.3) we have

∂H̃
∂s

=
(
ds

dt

)−1
∂

∂t

(√
2(T − t)H

)

=
(
2(T − t)

)3/2

(∆H + H|A|2) −
√

2(T − t)H

=∆̃H̃ + H̃|Ã|2 − H̃

and since ν̃ = ν,

∂ν̃

∂s
=
(
ds

dt

)−1
∂ν

∂t
= −2(T − t)∇H = −∇̃H̃ .

Hence,∣∣∣∣ ∂∂s
∣∣∣H̃ + 〈y | ν̃〉

∣∣∣2∣∣∣∣ =2
∣∣∣(∆̃H̃ + H̃|Ã|2 − H̃ + 〈H̃ν̃ + y | ν̃〉 − 〈y | ∇̃H̃〉

)(
H̃ + 〈y | ν̃〉

)∣∣∣
=2

∣∣∣ ∆̃H̃ + H̃|Ã|2 + 〈y | ν̃〉 − 〈y | ∇̃H̃〉
∣∣∣ ∣∣∣H̃ + 〈y | ν̃〉

∣∣∣
≤C(|y| + C)(|y| + C)

≤C(|y|2 + 1)

for some constant C independent of s.
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Then,∣∣∣∣ dds
∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃s

∣∣∣∣ (3.2.9)

=
∣∣∣∣
∫
M

e−
|y|2
2

[∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 (n− H̃2 − 〈y | H̃ν̃ + y〉

)
+
∂

∂s

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2] dµ̃s

∣∣∣∣
≤
∫
M

e−
|y|2
2

[
C(|y|2 + 1)(|y|2 + 1) + C(|y|2 + 1)

]
dµ̃s

≤ C

∫
M

e−
|y|2
2 (|y|4 + 1) dµ̃s

and this last term is bounded uniformly in s ∈
[
− 1

2
log T,+∞

)
by a positive

constant C = C(Area(ϕ0), T ) by the estimates in Stone’s Lemma 3.2.7.
Supposing that there is a sequence of times si → +∞ such that∫

M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃si ≥ δ

for some δ > 0, then we have that in all the intervals [si, si+δ/(2C)) such integral
is larger than δ/2. This is clearly in contradiction with the fact that∫ +∞

− 1
2 log T

∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃s ds < +∞ ,

stated in Proposition 3.2.5.
If ϕ̃si is a locally smoothly converging subsequence of rescaled hypersurfaces (up
to reparametrization), we have then that for every ball BR,∫

ϕ̃(M,si)∩BR
e−

|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dH̃n ≤

∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃si → 0 ,

hence, the limit hypersurface M̃∞ satisfies H̃ + 〈y | ν̃〉 = 0 at all its points.
Assume now that the initial hypersurface was embedded, then by Proposi-

tion 2.2.7 all the hypersurfaces ϕ̃s are embedded and the only possibility for M̃∞
not to be embedded is that two or more of its regions “touch” each other at some
point y ∈ Rn+1 with a common tangent space.
Let g(t) be the metrics induced on the moving hypersurfaces; we consider the
following set Ωε ⊂ M × M × [0, T ) given by {(p, q, t) | dt(p, q) ≤ ε

√
2(T − t)},

where dt is the geodesic distance in the Riemannian manifold (M, g(t)). Let

Bε = inf
∂Ωε

|ϕ(p, t) − ϕ(q, t)|/
√

2(T − t) ,

we claim that Bε > 0 for any ε > 0 small enough. Suppose that Bε = 0 for some
ε > 0; this means that there exists a sequence of times ti ↗ T and points pi, qi
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with dti(pi, qi) = ε
√

2(T − ti) and |ϕ(pi, ti) − ϕ(qi, ti)|/
√

2(T − ti) → 0, hence,
|ϕ̃i(pi) − ϕ̃i(qi)| → 0 and d̃i(pi, qi) = ε, where we denoted by ϕ̃i the rescaled
hypersurfaces ϕ̃i(p) = ϕ(p,ti)−ϕ(pi,ti)√

2(T−ti)
and d̃i = dti/

√
2(T − ti).

Reasoning as in the first part of this proof, by the uniform bound on the second
fundamental form of the rescaled hypersurfaces, if U i is the connected component
of ϕ̃−1

i (Br0(ϕ̃i(pi))) containing pi, then ϕ̃i(U i) can be written as a graph of a
smooth function fi over a subset of the tangent hyperplane to ϕ̃i(M) ⊂ Rn+1 at
the point ϕ̃i(pi). As di(pi, qi) = ε, when ε > 0 is small enough (depending on r0
and C0) the Lipschitz constants of these functions fi are uniformly bounded by a
constant depending on r0 and C0; moreover, for every i ∈ N the point qi stays in
U i and ϕ̃i(qi) belongs to the graph of fi.
It is then easy to see that there exists a uniform positive bound from below on
|ϕ̃i(pi) − ϕ̃i(qi)|, hence the constant Bε cannot be zero for such ε > 0.
Supposing that M̃∞ has a self-intersection, we can parametrize it locally with a
map ϕ̃∞ : U → Rn+1 such that a sequence of reparametrizations of the rescaled
hypersurfaces ϕ̃i converges to ϕ̃∞ and ϕ̃∞(p) = ϕ̃∞(q) for a couple of points
p, q ∈ U .
Choosing ε > 0 smaller than the intrinsic distance between p and q in M̃∞ and
such that Bε > 0, we consider the function

L(p, q, t) = |ϕ(p, t) − ϕ(q, t)|/
√

2(T − t)

on �Ωε ⊂ M ×M × [0, T ). If the minimum of L at time t is lower than Bε > 0,
then it cannot be attained on the boundary of Ωε and, arguing as in the proof
of Proposition 2.2.7, such a minimum is nondecreasing. Hence, there is a positive
lower bound on

inf
�Ωε

|ϕ(p, t) − ϕ(q, t)|/
√

2(T − t) .

Now we are done, since if we consider two sequences pi → p and qi → q we have
definitely d̃ti(pi, qi) > ε and |ϕ̃i(pi)− ϕ̃i(qi)| → 0, hence dti(pi, qi) > ε

√
2(T − ti)

which implies that (pi, qi, ti) ∈ �Ωε and |ϕ(pi, ti) − ϕ(qi, ti)|/
√

2(T − ti) → 0, in
contradiction with the previous conclusion. �

Open Problem 3.2.11. The limit hypersurface M̃∞ is unique? That is, independent
of the sequence si → +∞?
This problem is the parabolic analogue to the long-standing problem of uniqueness
of the tangent cone in minimal surface theory.

We have seen in Proposition 1.4.1 that any of these limit hypersurfaces M̃∞
satisfying H̃ + 〈y | ν̃〉 = 0, that we call homothetic, generates a homothetically
shrinking mean curvature flow given by Mt = M̃∞

√
1 − 2t, vanishing at T = 1/2.

As we said, few explicit examples are available: hyperplanes through the origin, the
sphere S

n(
√
n), the cylinders S

m(
√
m) × R

n−m and the Angenent’s torus in [17].
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Open Problem 3.2.12. Classify all the complete hypersurfaces (compact or not)
satisfying H + 〈y | ν〉 = 0, or at least the ones arising as blow-up limits of the flow
of a compact and embedded hypersurface.
This problem is difficult; an equivalent formulation is to find the critical points of
the Huisken’s functional ∫

M

e−
|y|2
2 dHn .

As we will see in the next sections, the classification is possible under the extra
hypothesis H ≥ 0.

Remark 3.2.13. In the case of a homothetically shrinking hypersurface around
a point x0 ∈ R

n+1 and vanishing at time T , the derivative in the monotonicity
formula with the backward heat kernel ρx0,T is zero, that is, the integral

∫
M

e−
|x−x0|2
4(T−t)

[4π(T − t)]n/2
dµt

is constant in time. Conversely, it follows from Proposition 1.4.1 and the unique-
ness of the flow, that if such derivative is zero at some time, the hypersurface is
homothetically shrinking around x0 as at such time it must satisfy H+ 〈x−x0 | ν〉

2(T−t) = 0
for all its points.

Finally, notice that if the flow ϕt is homothetically shrinking around x0 for
t ∈ [0, T ), the relative rescaled hypersurfaces ϕ̃s = ϕt−x0√

2(T−t) are not moving (as a

subset of Rn+1) and conversely.

Remark 3.2.14. By means of a slight modification of the function σ defined in
formula (3.2.3), it is possible to show that a compact breather for mean curvature
flow is actually homothetically shrinking. A breather is a hypersurface moving by
mean curvature such that Mt = λL(Mt′) for a couple of times t > t′, a constant
λ > 0 and an isometry L of Rn+1. Here and below we use the notation Ms =
ϕ(M, s).
Notice that steady or expanding compact breathers, that is when λ = 1 or λ > 1,
do not exist by comparison with evolving spheres.

We can assume that t′ = 0 and t > 0, for a compact hypersurface M moving
by mean curvature in [0, T ) and τ > 0 we consider the function

σ̃(M, τ) = max
x0∈Rn+1

∫
M

e−
|x−x0|2

4τ

[4πτ ]n/2
dH̃n ,

then it is easy to see that σ̃(L(M), τ) = σ̃(M, τ) and for every λ > 0

σ̃(λM, λ2τ) = σ̃(M, τ) . (3.2.10)
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Setting τ(t) = C−t for some C > 0 and integrating the analogue of equation (3.2.4)
we have

σ̃(M0, τ(0)) − σ̃(Mt, τ(t)) =
∫ t

0

∫
Ms

e−
|x−xτ(s)|2

4τ(s)

[4πτ(s)]n/2

∣∣∣∣H +
〈x − xτ(s) | ν〉

2τ(s)

∣∣∣∣
2

dH̃n ds .

By the rescaling property of σ̃ in formula (3.2.10) and the hypothesis, we get

σ̃(M0, C) ≥ σ̃(Mt, C − t) = σ̃(λM0, C − t) = σ̃(M0, (C − t)/λ2) .

If now we choose C = t
1−λ2 > t as λ < 1, we have (C − t)/λ2 = C, and it follows

that
σ̃(M0, τ(0)) = σ̃(M0, C) = σ̃(Mt, C − t) = σ̃(Mt, τ(t)) ,

hence, by the formula above for almost every s ∈ (0, t) we have H + 〈x−ys | ν〉
2(C−s) for

some ys ∈ Rn+1. This clearly implies that we are dealing with a homothetically
shrinking hypersurface.

We now fix a point p ∈ M and consider a sequence of rescaled hypersur-
faces ϕ̃si , locally smoothly converging (up to reparametrization) to some limit
hypersurface M̃∞ which satisfies H̃ + 〈y | ν̃〉 = 0 for every y ∈ M̃∞.
We want to relate the limit heat density Θ(p) in Definition 3.2.3 with M̃∞,

Θ(p) = lim
t→T

θ(p, t)

= lim
i→∞

∫
M

e
− |x−p̂|2

4(T−t(si))

[4π(T − t(si))]n/2
dµt(si)

= lim
i→∞

∫
M

e−
|y|2
2

(2π)n/2
dµ̃si

=
1

(2π)n/2

∫
M̃∞

e−
|y|2
2 dH̃n ,

where in the last passage we applied Corollary 3.2.8.
In particular, if M̃∞ is a unit multiplicity hyperplane through the origin of R

n+1,

then Θ(p) = 1
(2π)n/2

∫
M̃∞

e−
|y|2
2 dH̃n = 1.

Remark 3.2.15. If we choose a time τ > 0 which is strictly less than the maximal
time T of existence of the flow and we perform the rescaling procedure around
the nonsingular point p̂ = limt→τ ϕ(p, t) = ϕ(p, τ), the hypersurface being regular
around p at time τ , every limit of rescaled hypersurfaces must be flat, actually a
union of hyperplanes through the origin. If moreover at ϕ(p, τ) the hypersurface
has no self-intersections, such limit is a single hyperplane through the origin and

lim
t→τ

∫
M

e−
|x−ϕ(p,τ)|2

4(τ−t)

[4π(τ − t)]n/2
dµt = 1 .

This clearly holds for every p ∈M if the initial hypersurface is embedded.
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Remark 3.2.16. By the previous remark, if τ ∈ (0, T ) and x0 = ϕτ (p) we have

lim
t→τ

∫
M

e−
|x−x0|2
4(τ−t)

[4π(τ − t)]n/2
dµt = 1

and ∫
M

e−
|x−x0|2

4τ

[4πτ ]n/2
dµ0 ≥ 1

by the monotonicity formula, for every p ∈M .
Then,

Area(ϕ0) ≥
∫
M

e−
|x−x0|2

4τ dµ0 ≥ [4πτ ]n/2

and τ ≤ [Area]2/n/(4π). As this holds for every τ < T , we get the estimate
T ≤ [Area]2/n/(4π) on the maximal time T of existence of the flow (which is
independent of the type I singularity hypothesis).

Lemma 3.2.17 (White [123]). Among all the smooth, complete, hypersurfaces M
in Rn+1 satisfying H + 〈y | ν〉 = 0 and

∫
M
e−|y| dH̃n < +∞, the hyperplanes with

unit multiplicity through the origin are the only minimizers of the functional

1
(2π)n/2

∫
M

e−
|y|2
2 dH̃n .

Hence, for all such hypersurfaces the value of this integral is at least 1.

Proof. Suppose that there exists a smooth hypersurface M = M0 such that

1
(2π)n/2

∫
M

e−
|y|2
2 dH̃n ≤ 1

and satisfies H + 〈y | ν〉 = 0; then the flow Mt = M
√

1 − 2t is a smooth mean
curvature flow in the time interval (−∞, 1/2). Notice that for all the hypersurfaces
Mt the mean curvature H is bounded on compact subsets of Rn+1, by the equation
H + 〈y | ν〉 = 0 and the definition of Mt.
Choosing a point y0 ∈ Rn+1 and a time τ ≤ 1/2 we consider the limit

lim
t→−∞

∫
Mt

e−
|y−y0 |2
4(τ−t)

[4π(τ − t)]n/2
dH̃n ,

where all the integrals are well defined since
∫
M
e−|y| dH̃n < +∞.

Changing variables, we have

lim
t→−∞

∫
Mt

e−
|y−y0 |2
4(τ−t)

[4π(τ − t)]n/2
dH̃n(y) = lim

t→−∞

∫
M

e−
|x√1−2t−y0|2

4(τ−t)

[4π(τ − t)/(1 − 2t)]n/2
dH̃n(x) .
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As t → −∞, the sequence of functions inside the integral pointwise converges to

the function e−
|x|2
2 /(2π)n/2 and they are definitely uniformly bounded from above,

outside some large fixed ball BR(0) ⊂ Rn+1, by the function e−|x|. Since this last
function is integrable on M by the hypothesis, using the dominated convergence
theorem we get

lim
t→−∞

∫
Mt

e−
|y−y0 |2
4(τ−t)

[4π(τ − t)]n/2
dH̃n =

1
(2π)n/2

∫
M

e−
|x|2
2 dH̃n ≤ 1 .

By the monotonicity formula this implies that

∫
Mt

e−
|y−y0 |2
4(τ−t)

[4π(τ − t)]n/2
dH̃n ≤ 1

for every y0 ∈ Rn+1 and t < τ ∈ (−∞, 1/2).
Choosing now y0 ∈M and τ = 0, repeating the argument in Remark 3.2.15 (in this
noncompact case it can be carried on by means of the hypothesis

∫
M e−|y| dH̃n <

+∞) we have

lim
t→0−

∫
Mt

e−
|y−y0 |2

−4t

[−4πt]n/2
dH̃n = 1 ,

hence, we conclude that the function

∫
Mt

e−
|y−y0 |2

−4t

[−4πt]n/2
dH̃n

is constant equal to 1 for every t ∈ (−∞, 0). Even if the evolving hypersurfaces
Mt are not compact, by the hypothesis

∫
M
e−|y| dH̃n < +∞ it is straightforward

to check (writing every integral as an integral on M fixed) that the monotonicity
formula still holds. Hence, we must have that the right-hand side of such formula is
identically zero and H(y)+ 〈y−y0 | ν(y)〉

−2t = 0 for every t < 0 and y ∈Mt. Multiplying
by −2t and sending t to zero, as H is bounded on compact subsets of R

n+1 and
Mt →M , we conclude that 〈y− y0 | ν(y)〉 = 0 for every y, y0 ∈M . This condition
easily implies that M is a hyperplane through the origin of Rn+1. �

Remark 3.2.18. The smoothness hypothesis can be weakened in this lemma, pro-
vided that the set M satisfies some definition of mean curvature to give sense to
the condition H + 〈y | ν〉 = 0 and coherent with the monotonicity formula (for
instance, one can allow integral varifolds with bounded variation, see [21, 79]).
It is not known by the author whether the hypothesis

∫
M
e−|y| dH̃n < +∞ can be

removed. Anyway, it is satisfied by every limit hypersurface obtained as blow-up
limit, by Corollary 3.2.8.



68 Chapter 3. Monotonicity Formula and Type I Singularities

The following corollary is the consequence of Lemma 3.2.17 and the previous
discussion about the relation between Θ and the limits of sequences of rescaled
hypersurfaces.

Corollary 3.2.19. The function Θ : M → R satisfies Θ ≥ 1 on all M . Moreover,
if Θ(p) = 1, every converging sequence of rescaled hypersurfaces ϕ̃si around p̂
converges to a unit multiplicity hyperplane through the origin of Rn+1.
It follows that Σ ≥ 1.

Remark 3.2.20. The fact that Θ ≥ 1 on all M can also be proved directly using
the argument in Remark 3.2.16. Since for every τ < T we have

lim
t→τ

∫
M

e−
|x−ϕτ (p)|2

4(τ−t)

[4π(τ − t)]n/2
dµt = 1

we get ∫
M

e−
|x−ϕτ (p)|2

4(τ−t)

[4π(τ − t)]n/2
dµt ≥ 1

for every t < τ . Keeping now t < T fixed and sending τ → T we have ϕτ (p) → p̂
and

θ(p, t) =
∫
M

e−
|x−p̂|2
4(T−t)

[4π(T − t)]n/2
dµt = lim

τ→T

∫
M

e−
|x−ϕτ (p)via|2

4(τ−t)

[4π(τ − t)]n/2
dµt ≥ 1 .

This clearly implies that Θ(p) = limt→T θ(p, t) ≥ 1.
Remark 3.2.21. Rescaling around some p̂, by the discussion after Definition 3.2.2,
means rescaling around some reachable point. Actually, we could rescale around
any point x0 ∈ Rn+1 but if x0 �∈ S, as the distance from ϕ(M, t) and x0 is definitely
positive, the limit hypersurface is empty. This would imply that

∫
M

e−
|x−x0|2
4(T−t)

[4π(T − t)]n/2
dµt → 0

as t→ T .
By this corollary, if instead we consider x0 ∈ S, that is, x0 = p̂ for some p ∈ M ,
there holds Θ(p) ≥ 1. Hence, there is a dichotomy between the points of Rn+1,
according to the value of the limit heat density function which can be either zero
or at least one.
Moreover, by looking carefully at the first part of the proof of Lemma 3.2.17 we
can see that this fact is independent of the type I hypothesis, it is indeed only a
consequence of the upper semicontinuity of θ(p, t).

Actually, one can say more by the following result of White [123] (see also [35,
Theorems 5.6, 5.7] and [115], moreover compare with [21, Theorem 6.11]), which
also gives a partial answer to Problem 3.2.11.
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Theorem 3.2.22 (White [123]). There exist constants ε = ε(n) > 0 and C = C(n)
such that if Θ(p) < 1 + ε, then |A| ≤ C(n) in a ball of Rn+1 around p̂ uniformly
in time t ∈ [0, T ).

If the limit of a subsequence of rescaled hypersurfaces is a hyperplane through
the origin, then Θ(p) = 1 and by this theorem there is a ball around p̂ where
the curvature is bounded. Then in such a ball, the unscaled hypersurfaces ϕt
(possibly after a reparametrization) converge locally uniformly in C0 to some ϕT
with uniformly bounded curvature, this implies that the convergence is actually in
C∞ by the interior estimates of Ecker and Huisken in [38]. Hence, it follows easily
that the tangent hyperplane to ϕT at the point p̂ coincides with the limit of any
sequence of rescaled hypersurfaces, that is, there is full convergence and the limit
hypersurface is unique, solving affirmatively Problem 3.2.11 in this very special
case.
Remark 3.2.23. The strength of White’s result is that it does not assume any
condition on the sign of H and on the blow-up rate of the curvature. The theorem
also holds without the type I hypothesis.

Another consequence is that there is a “gap” between the value 1 realized by
the hyperplanes through the origin of Rn+1 in the functional

1
(2π)n/2

∫
M

e−
|y|2
2 dH̃n

and any other smooth, complete hypersurface M in Rn+1 satisfying H+ 〈y | ν〉 = 0
and

∫
M
e−|y| dH̃n < +∞.

3.3 Analysis of Singularities

Definition 3.3.1. We say that p ∈ M is a singular point if there exists a sequence
of points pi → p in M and times ti → T such that for some constant δ > 0 there
holds

|A(pi, ti)| ≥
δ√

2(T − ti)
.

We say that p ∈ M is a special singular point if there exists a sequence of times
ti → T such that for some constant δ > 0 there holds

|A(p, ti)| ≥
δ√

2(T − ti)
.

The lower estimate on the blow-up rate of the curvature

max
p∈M

|A(p, t)| ≥ 1√
2(T − t)

.

and the compactness of M clearly imply that there always exists at least one
singular point, but not that any special singular point is present.
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Remark 3.3.2. Though we will concentrate on the above definition of singular
points at a type I singularity, it could possibly happen that while around some
point |A| is blowing-up at least like 1√

2(T−t) , at the same time in another region

the hypersurface is getting singular with the curvature going to infinity at a lower
rate. This “bad” behavior is actually excluded, at least in the case of a flow of
hypersurfaces with nonnegative mean curvature, by the analysis of Stone [115,
Section 4].

Suppose that p ∈ M is a special singular point, then after rescaling the
hypersurface as before around p̂ we have for si = − 1

2
log (T − ti),

|Ã(p, si)| =
√

2(T − ti)|A(p, ti)| ≥ δ > 0

which implies that taking a subsequence of si → +∞, any limit hypersurface
obtained by Proposition 3.2.10 cannot be flat as Ã �= 0 at some point in the ball
BC0

√
2n.
If p ∈M is not a special singular point clearly, for every sequence si → +∞,

|Ã(p, si)| =
√

2(T − ti)|A(p, ti)| → 0,

that is, any limit hypersurface satisfies Ã = 0 at some point in the ball BC0
√

2n.

Open Problem 3.3.3. Is it true that any limit hypersurface associated to a non-
special singular point is a union of hyperplanes through the origin?
This conclusion would follow if any nonflat hypersurface M satisfying H+〈y | ν〉 =
0 and

∫
M
e−|y| dH̃n < +∞ cannot have a point where the second fundamental form

is zero.

By means of a small variation of an argument by Stone, we have a good
description when the limit hypersurface is a single hyperplane.

Proposition 3.3.4 (Stone [115]). If the limit of rescaled hypersurfaces around p̂
is a unit multiplicity hyperplane through the origin of Rn+1, or equivalently by
Lemma 3.2.17 there holds Θ(p) = 1, then p cannot be a singular point.

Proof. By Corollary 3.2.19, the point p ∈ M is a minimum of Θ : M → R

which is an upper semicontinuous function. Hence p is actually a continuity point
for Θ. We want to show that for every sequence pi → p and ti → T we have
θ(pi, ti) → 1 = Θ(p).
Suppose that there exists δ > 0 such that θ(pi, ti) → 1 + δ. For every j ∈ N there
exists i0 such that ti ≥ tj for every i > i0, hence θ(pi, ti) ≤ θ(pi, tj). Sending
i → ∞ we then get 1 + δ ≤ θ(p, tj). This is clearly a contradiction, as sending
now j → ∞, we have θ(p, tj) → Θ(p) = 1 (what we did is closely related to Dini’s
theorem on monotone convergence of continuous functions).
If p is a singular point with pi → p and ti → T such that for some constant
δ > 0 there holds |A(pi, ti)| ≥ δ√

2(T−ti)
, we consider the families of rescaled
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hypersurfaces around p̂i,

ϕ̃i(q, s) =
ϕ(q, t) − p̂i√

2(T − t)
s = s(t) = −1

2
log(T − t)

with associated measures µ̃i,s and we set

ψi(q) = ϕ̃i(q, si) =
ϕ(q, ti) − p̂i√

2(T − ti)
si = −1

2
log(T − ti) ,

with associated measures µ̃i,si .
For every ε > 0, as Θ(pi) ≥ 1 we have definitely

ε ≥ θ(pi, ti) − 1 ≥ θ(pi, ti) − Θ(pi)

=
∫
M

e
− |x−p̂i|2

4(T−ti)

[4π(T − ti)]n/2
dµti − Θ(pi)

=
1

(2π)n/2

∫
M

e−
|y|2
2 dµ̃i,si − Θ(pi)

≥
∫ +∞

si

∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃i,s ds .

Hence, since by the uniform curvature estimates of Proposition 3.2.9, see compu-
tation (3.2.9), we have,∣∣∣∣ dds

∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃s

∣∣∣∣ ≤ C

where C = C(Area(ϕ0), T ) is a positive constant independent of s, we get

ε ≥
∫ +∞

si

∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃i,s ds

≥ 1
2

∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃i,si

possibly passing to a subsequence of si (not relabelled).
If now we proceed as in Proposition 3.2.10 and we extract from the sequence of
hypersurfaces ψi a locally smoothly converging subsequence (up to reparametriza-
tion) to some limit hypersurface M̃∞, by Lemma 3.2.7 we have

ε ≥
∫
M̃∞

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dH̃n

for every ε > 0, hence M̃∞ satisfies H̃ + 〈y | ν̃〉 = 0.
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Finally, by Corollary 3.2.8,

1
(2π)n/2

∫
M̃∞

e−
|y|2
2 dH̃n = lim

i→∞
1

(2π)n/2

∫
M

e−
|y|2
2 dµ̃i,si = lim

i→∞
θ(pi, ti) = 1

then, by Lemma 3.2.17, the hypersurface M̃∞ has to be a hyperplane. But since
all the points ψi(pi) belong to the ball of radius C0

√
2n ⊂ Rn+1 and the second

fundamental form Ai of ψi satisfies |Ai(pi)| ≥ δ > 0 for every i ∈ N, by the
hypothesis, it follows that the second fundamental form of M̃∞ is not zero at
some point in the ball BC0

√
2n(0).

Since we have a contradiction, p cannot be a singular point of the flow. �
Remark 3.3.5. This lemma is an immediate consequence of White’s Theorem
3.2.22, but we wanted to emphasize the fact that the only really needed “in-
gredient” by the line of analysis of Stone is the uniqueness of the hyperplanes as

minimizers of the integral 1
(2π)n/2

∫
M
e−

|y|2
2 dH̃n among the hypersurfaces satisfy-

ing H + 〈y | ν〉 = 0 (Lemma 3.2.17).

Open Problem 3.3.6. To the author’s knowledge, even if we are dealing with the
flow of embedded hypersurfaces, the existence of at least one special singular point
is an open problem.
A related stronger statement would be that every singular point is a special sin-
gular point.

This problem and Problem 3.3.3, in the embedded situation are quite con-
nected. Indeed, if the initial hypersurface is embedded any limit hypersurface M̃∞
is also embedded, so the union of two or more hyperplanes cannot arise.
This means that if Problem 3.3.3 has a positive answer, for every nonspecial sin-
gular point p ∈ M the limit hypersurfaces can be only single unit multiplicity
hyperplane through the origin, hence, by Proposition 3.3.4 the point is actually
not singular.
Then, if there are no special singular points, it follows that there are no singular
points at all which is a contradiction and also Problem 3.3.6 has a positive answer.
Repeating this argument in the general nonembedded case, unfortunately one
could obtain a union of hyperplanes, or even more disturbing, hyperplanes with
integer multiplicities higher than one.

Putting together Propositions 3.2.10 and 3.3.4 we have the following con-
clusion, as the only flat blow-up limits of a mean curvature flow of an embedded
hypersurface are the hyperplanes through the origin of Rn+1.

Corollary 3.3.7. At a singular point p ∈M a limit M̃∞ of rescaled hypersurfaces is
a smooth, nonempty, complete hypersurface with bounded local volume and bounded
curvature with all its covariant derivatives, which satisfies H̃ + 〈y | ν̃〉 = 0 and it
is not a unit multiplicity hyperplane through the origin of Rn+1.
Moreover, if the initial hypersurface is embedded, M̃∞ is also embedded and non-
flat.
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Remark 3.3.8. Another line to obtain a nontrivial homothetic blow-up limit is to
apply, instead of Stone’s argument, White’s Theorem 3.2.22 excluding the presence
of singularities in the case Σ = 1 (recall Definition 3.2.3).

Indeed, as the set of reachable points S is compact, if Σ > 1 there must exist
a point x0 = p̂ such that Θ(p) > 1, otherwise, by a covering argument and White’s
theorem we can conclude that the curvature is uniformly bounded as t→ T , which
is a contradiction. Rescaling the hypersurfaces around x0 ∈ Rn+1 we then get a
homothetic blow-up limit which cannot be a single unit multiplicity hyperplane
through the origin.
Remark 3.3.9. Finally, we can produce a homothetic blow-up limit also by rescal-
ing the hypersurfaces around some moving points as follows. For every t ∈ [0, T ),
we let xt be any maximum point realizing σ(t) in Definition 3.2.3, that is

σ(t) = max
x0∈Rn+1

∫
M

e−
|x−x0|2
4(T−t)

[4π(T − t)]n/2
dµt =

∫
M

e−
|x−xt|2
4(T−t)

[4π(T − t)]n/2
dµt

and we consider the rescaled hypersurfaces with associated measures µ̃s around
the points xt,

ϕ̃(q, s) =
ϕ(q, t(s)) − xt(s)√

2(T − t(s))
, s = s(t) = −1

2
log(T − t) .

Rescaling also the maximal monotonicity formula (3.2.4) we have

d

ds

∫
M

e−
|y|2
2 dµ̃s = −

∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃s ≤ 0 .

It follows that, integrating this formula as before, we get

σ(0) − Σ =
∫ +∞

− 1
2 log T

∫
M

e−
|y|2
2

∣∣∣H̃ + 〈y | ν̃〉
∣∣∣2 dµ̃s ds < +∞ ,

and with the same argument we can produce a homothetic limit hypersurface M̃∞
such that ∫

M̃∞
e−

|y|2
2 dH̃n = Σ ≥ 1 .

Since when Σ = 1 by White’s theorem the curvature is bounded, the limit hyper-
surface M̃∞ cannot be a single unit multiplicity hyperplane through the origin.
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3.4 Hypersurfaces with Nonnegative Mean Curvature

For most of this section we assume that all the hypersurfaces are embedded. At
the end we will discuss the general immersed case.

If the compact initial hypersurface is embedded and has H ≥ 0 (or at some
positive time the evolving hypersurface becomes like that) then the analysis of
the previous section can be pushed forward since we can restrict the class of the
possible limits of rescaled hypersurfaces to the ones satisfying these two conditions.
In this case every singular point is a special singular point and it is actually possible
to classify all the embedded limit hypersurfaces in Rn+1 such that H + 〈x | ν〉 = 0
and H ≥ 0, see [67, 68] and [116].
It will follow that Problem 3.3.3 and consequently Problem 3.3.6 have a positive
answer.
Finally, as we mentioned in Remark 3.3.2, it cannot happen that the curvature in
some region of the hypersurface goes to infinity with a rate lower than 1√

2(T−t) .

We recall that if H ≥ 0 for the initial hypersurface, after a positive time
t0 > 0, there exists a constant α > 0 such that α|A| ≤ H ≤ n|A| everywhere on
M for every time t ≥ t0, by Corollary 2.4.3.
Hence, we can assume in the sequel that for t ∈ [0, T ) we have

α√
2(T − t)

≤ max
p∈M

H(p, t) ≤ C√
2(T − t)

.

Proposition 3.4.1 (Huisken [67, 68], Abresch and Langer [1] in the one-dimensional
case). Let M ⊂ Rn+1 be a smooth, complete, embedded, mean convex hypersurface
in Rn+1 such that H + 〈x | ν〉 = 0 at every x ∈ M and there exists a constant C
such that |A|+ |∇A| ≤ C and Hn(M ∩BR) ≤ CeR, for every ball of radius R > 0
in R

n+1.
Then, up to a rotation of Rn+1, M must be one of only n+1 possible hypersurfaces,
namely, either a hyperplane through the origin or the sphere Sn(

√
n) or one of the

cylinders Sm(
√
m) × Rn−m.

In the special one-dimensional case the only smooth, complete, embedded
curves in R2 satisfying the structural equation k+ 〈x | ν〉 = 0 are the lines through
the origin and the unit circle (notice that in this case neither the positivity of the
curvature nor the two estimates above are assumed).

Proof. Let us suppose that M is connected. If the theorem is true in this case, it it
easy to see that it is not possible to have a nonconnected embedded hypersurface
satisfying the hypotheses. Indeed, any connected component has to belong to the
list of the statement and every two hypersurfaces in such list either coincide or
have some intersections.

We first deal separately with the case n = 1.
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Fixing a reference point on a curve γ we have an arclength parameter s which
gives a unit tangent vector field τ = γs and a unit normal vector field ν, which is
the counterclockwise rotation of π/2 in R2 of the vector τ ; then the curvature is
given by k = 〈∂sτ | ν〉 = −〈τ | ∂sν〉.
The relation k = −〈γ | ν〉 implies the ODE for the curvature ks = k〈γ | τ〉. Suppose
that at some point k = 0, then also ks = 0 at the same point, hence, by the
uniqueness theorem for ODE’s we conclude that k is identically zero and we are
dealing with a line L which, as 〈x | ν〉 = 0 for every x ∈ L, must contain the origin
of R2.
So we suppose that k is always nonzero and possibly reversing the orientation
of the curve, we assume that k > 0 at every point, that is, the curve is strictly
convex.
Computing the derivative of |γ|2,

∂s|γ|2 = 2〈γ | τ〉 = 2ks/k = 2∂s log k

we get k = Ce|γ|
2/2 for some constant C > 0, it follows that k is bounded from

below by C > 0.
We consider now a new coordinate θ = arccos 〈e1 | ν〉, this can be done for the
whole curve as we know that this latter is convex (obviously, as for the arclength
parameter s it is only locally continuous, θ “jumps” after a complete round).
Differentiating with respect to the arclength parameter we have ∂sθ = k and

kθ = ks/k = 〈γ | τ〉 kθθ =
∂skθ
k

=
1 + k〈γ | ν〉

k
=

1
k
− k . (3.4.1)

Multiplying both sides of the last equation by 2kθ we get ∂θ[k2
θ + k2 − log k2] = 0,

that is, the quantity k2
θ + k2 − log k2 is equal to some constant E along all the

curve. Notice that such a quantity E cannot be less than 1; moreover, if E = 1 we
have that k must be constant and equal to 1 along the curve, which consequently
must be the unit circle centered at the origin of R2.
When E > 1, it follows that k is uniformly bounded from above, hence recalling
that k = Ce|γ|

2/2, the image of the curve is contained in a ball of R2 and by the
embeddedness and completeness hypotheses, the curve must be closed, simple and
strictly convex, as k > 0 at every point.
We now suppose that γ is not the unit circle and we look at the critical points of the
curvature k. Since kθθ = 1

k
− k, it holds that kθθ �= 0 when kθ = 0, otherwise this

second-order ODE for k would imply kθ = 0 everywhere, hence k = 1 identically
and we would be in the case of the unit circle. Thus, the critical points of the
curvature are not degenerate, hence, by the compactness of the curve they are
isolated and finite. Moreover, by looking at the equation for the curvature (3.4.1)
we can see easily that kmin < 1 and kmax > 1.
Suppose now that k(0) = kmax and k(θ) is the first subsequent critical value for
k, for some θ > 0. Then the curvature is strictly decreasing in the interval [0, θ]
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and again by the second-order ODE, the function k (hence also the curve, by
integration) is symmetric with respect to θ = 0 and θ = θ. This clearly implies
that k(θ) must be the minimum kmin of the curvature, as every critical point is
not degenerate.

By the four-vertex theorem [92, 100], on every closed curve there are at least
four critical points of k, as a consequence our curve is composed of at least four
pieces like the one described above. Hence, since the curve is closed and embedded
the curvature k(θ) must be a periodic function with period T > 0 not larger than
π (since 2π is an obvious multiple of the period) and θ = T/2. More precisely, the
period T must be 2π/n for some n ≥ 2.

By a straightforward computation, starting by differentiating the equation
kθθ = 1

k − k, one gets (k2)θθθ + 4(k2)θ = 4kθ/k; then we compute

4
∫ T/2

0

sin 2θ
kθ
k
dθ =

∫ T/2

0

sin 2θ [(k2)θθθ + 4(k2)θ] dθ

= sin 2θ(k2)θθ|T/20 − 2
∫ T/2

0

cos 2θ(k2)θθ dθ + 4
∫ T/2

0

sin 2θ(k2)θ dθ

= 2 sinT [k(T/2)kθθ(T/2) + k2
θ(T/2)] − 2 cos 2θ(k2)θ|T/20

− 4
∫ T/2

0

sin 2θ(k2)θ dθ + 4
∫ T/2

0

sin 2θ(k2)θ dθ

= 2 sinT [k(T/2)kθθ(T/2) + k2
θ(T/2)] − 4 cosTk(T/2)kθ(T/2) + 4k(0)kθ(0) .

Now, since kθ(0) = kθ(T/2) = 0 and k(T/2) = kmin, using the equation for the
curvature kθθ = 1/k − k we get

4
∫ T/2

0

sin 2θ
kθ
k
dθ = 2 sinT (1 − k2

min) ,

and this last term is nonnegative as kmin < 1 and 0 < T ≤ π.
Looking at the left-hand integral we see instead that the factor sin 2θ is always
nonnegative, since T ≤ π and kθ is always nonpositive in the interval [0, T/2],
as we assumed that we were moving from the maximum kmax at θ = 0 to the
minimum kmin at θ = T/2 without crossing any other critical point of k. This
gives a contradiction so γ must be the unit circle.

We suppose now that n ≥ 2.
By covariant differentiation of the equation H + 〈x | ν〉 = 0 in an orthonormal
frame {e1, . . . , en} on M we get

∇iH = 〈x | ek〉hik,

∇i∇jH = hij+〈x | ν〉hikhjk+〈x | ek〉∇ihjk = hij−Hhikhjk+〈x | ek〉∇khij (3.4.2)

where we used Gauss–Weingarten and Codazzi equations (1.1.1), (1.1.3).



3.4. Hypersurfaces with Nonnegative Mean Curvature 77

Contracting now with gij and hij respectively we have

∆H = H − H|A|2 + 〈x | ek〉∇kH = H(1 − |A|2) + 〈x | ∇H〉, (3.4.3)

hij∇i∇jH = |A|2 − tr(A3)H + 〈x | ek〉∇k|A|2/2,
which implies, by Simons’ identity (1.1.4),

∆|A|2 = 2|A|2(1 − |A|2) + 2|∇A|2 + 〈x | ∇|A|2〉 .

From equation (3.4.3) and the strong maximum principle for elliptic equations we
see that, since M satisfies H ≥ 0 by assumption and ∆H ≤ H + 〈x | ∇H〉, we must
either have that H ≡ 0 or H > 0 on all M .
The case H ≡ 0 can be easily handled: as M is complete and x is a tangent vector
field on M by the equation 〈x | ν〉 = 0, for every point x0 of M there is a unique
solution of the ODE γ′(s) = x(γ(s)) = γ(s) passing through x0 and contained in
M for every s ∈ R, but such solution is simply the line in Rn+1 passing through
x0 and the origin. Thus, M has to be a cone and being smooth the only possibility
is a hyperplane through the origin of Rn+1.
Therefore we may assume that the mean curvature satisfies the strict inequality
H > 0 everywhere (so dividing by H and |A| is allowed).
Now let R > 0 and define η to be the inward unit conormal to M ∩BR(0) along
∂
(
M ∩ BR(0)

)
, which is a smooth boundary for almost every R > 0 (by Sard’s

theorem). Then, supposing that R belongs to the set Ω ⊂ R+ of the regular
values of the function | · | restricted to M ⊂ R

n+1, from equation (3.4.3) and the
divergence theorem we compute

εR = −
∫
∂(M∩BR(0))

|A|〈∇H | η〉e−R2/2 dHn−1(x)

=
∫
M∩BR(0)

|A|∆He−|x|2/2 + 〈∇(|A|e−|x|2/2) | ∇H〉 dHn(x)

=
∫
M∩BR(0)

(
|A|H(1 − |A|2) + |A|〈x | ∇H〉

)
e−|x|2/2 dHn(x)

+
∫
M∩BR(0)

( 1
2|A| 〈∇|A|2 | ∇H〉 − |A|〈x | ∇H〉

)
e−|x|2/2 dHn(x)

=
∫
M∩BR(0)

(
|A|H(1 − |A|2) +

1
2|A| 〈∇|A|2 | ∇H〉

)
e−|x|2/2 dHn(x)

and similarly,

δR = −
∫
∂(M∩BR(0))

H
|A| 〈∇|A|2 | η〉e−R

2/2 dHn−1(x)

=
∫
M∩BR(0)

H
|A|∆|A|2e−|x|2/2 +

〈
∇
( H
|A| |e

−|x|2/2
) ∣∣∣∇|A|2

〉
dHn(x)
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=
∫
M∩BR(0)

(
2|A|H(1 − |A|2) +

2H|∇A|2
|A| +

H
|A| 〈x | ∇|A|2〉

)
e−|x|2/2 dHn(x)

+
∫
M∩BR(0)

( 〈∇H | ∇|A|2〉
|A| − H|∇|A|2|2

2|A|3 − H
|A| 〈x | ∇|A|2〉

)
e−|x|2/2 dHn(x)

=
∫
M∩BR(0)

(
2|A|H(1 − |A|2) +

2H|∇A|2
|A| +

〈∇H | ∇|A|2〉
|A| − H|∇|A|2|2

2|A|3
)

× e−|x|2/2 dHn(x) .

Hence,

σR = 2δR − 4εR =
∫
M∩BR(0)

(
4H|∇A|2

|A| − H|∇|A|2|2
|A|3

)
e−|x|2/2 dHn(x)

=
∫
M∩BR(0)

(
4|A|2|∇A|2 − |∇|A|2|2

) H
|A|3 e

−|x|2/2 dHn(x) .

As we have 4|A|2|∇A|2 ≥ |∇|A|2|2, this quantity σR is nonnegative and nonde-
creasing in R.
If now we show that lim infR→+∞ σR = 0 we can conclude that, at every point
of M ,

4|A|2|∇A|2 = |∇|A|2|2 . (3.4.4)

Getting back to the definitions of εR and δR, we have

|σR| =

∣∣∣∣∣−2
∫
∂(M∩BR(0))

H
|A| 〈∇|A|2 | η〉e−R

2/2 dHn−1

+4
∫
∂(M∩BR(0))

|A|〈∇H | η〉e−R2/2 dHn−1

∣∣∣∣∣
≤ 4e−R

2/2

∫
∂(M∩BR(0))

H
|A| |∇|A|2| + |A||∇H| dHn−1

≤ 8e−R
2/2

∫
∂(M∩BR(0))

H|∇A| + |A||∇H| dHn−1

≤Ce−R
2/2Hn−1(∂(M ∩BR(0))) ,

by the estimates on A and ∇A in the hypotheses.
Now, suppose that for every R belonging to the set Ω ⊂ R

+ (which is of full
measure) and R larger than some R0 > 0 we have

Hn−1(∂(M ∩BR(0))) ≥ δReR
2/4

for some constant δ > 0. Setting xM to be the projection of the vector x on
the tangent space to M , as the function R �→ Hn(M ∩ BR(0)) is monotone and
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continuous from the left and actually continuous at every value R ∈ Ω, we can
differentiate it almost everywhere in R+ and we have (by the coarea formula,
see [41] or [105]),

Hn(M ∩BR(0)) −Hn(M ∩Br(0)) ≥
∫ R

r

d

dξ
Hn(M ∩Bξ(0)) dξ

≥
∫ R

r

∫
∂(M∩Bξ(0))

|∇M |x||−1 dHn−1(x) dξ

=
∫ R

r

∫
∂(M∩Bξ(0))

|x|/|xM | dHn−1(x) dξ

≥
∫ R

r

∫
∂(M∩Bξ(0))

dHn−1(x) dξ ,

where the derivative in the integral is taken only at the points where it exists
and ∇M |x| denotes the projection of the R

n+1-gradient of the function |x| on the
tangent space to M .
Hence, if R > r > R0 we get

Hn(M ∩BR(0)) −Hn(M ∩Br(0)) ≥
∫ R

r

∫
∂(M∩Bξ(0))

dHn−1 dξ

≥ δ

∫ R

r

ξeξ
2/4 dξ

=2δ(eR
2/4 − er

2/4) ,

then if R goes to +∞, the quantity Hn(M ∩ BR(0))e−R diverges, in contradic-
tion with the hypotheses of the proposition. Hence, the lim inf of the quantity
e−R

2/4Hn−1(∂(M ∩ BR(0))) as R → +∞ in the set Ω has to be zero. It follows
that the same holds for |σR| and equation (3.4.4) is proved.

Making explicit such equation, by the equality condition in the Cauchy–
Schwartz inequality it immediately follows that at every point there exist constants
ck such that

∇khij = ckhij

for every i, j. Contracting this equation with the metric gij and with hij we get
∇kH = ckH and ∇k|A|2 = 2ck|A|2, hence ∇k log H = ck and ∇k log |A|2 = 2ck.
This implies that locally |A| = αH for some constant α > 0 and by connectedness
this relation has to hold globally on M .
Suppose now that at a point |∇H| �= 0, then ∇khij = ckhij = ∇kH

H hij which is
a symmetric 3-tensor by the Codazzi equations (1.1.3), hence ∇kHhij = ∇jHhik.
Computing then in normal coordinates with an orthonormal basis {e1, . . . , en}
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such that e1 = ∇H/|∇H|, we have

0 = |∇kHhij −∇jHhik|2 = 2|∇H|2
(
|A|2 −

n∑
i=1

h2
1i

)
.

Hence, |A|2 =
∑n
i=1 h

2
1i and

|A|2 = h2
11 + 2

n∑
i=2

h2
1i +

n∑
i,j 
=1

h2
ij = h2

11 +
n∑
i=2

h2
1i

so hij = 0 unless i = j = 1, which means that A has rank one.
Thus, we have two possible (not mutually excluding) situations at every point of
M , either A has rank one or ∇H = 0.

If the kernel of A is empty everywhere, A must have rank at least two as we
assumed n ≥ 2, then we have ∇H = 0 which implies ∇A = 0 and hij = Hhikhkj ,
by equation (3.4.2). This means that all the eigenvalues of A are 0 or 1/H. As the
kernel is empty A = Hg/n, precisely H =

√
n and A = g/

√
n. Then, the complete

hypersurface M has to be the sphere Sn(
√
n), indeed we compute

∆M |x|2 = 2n+ 2〈x |∆Mx〉 = 2n+ 2H〈x | ν〉 = 2n− 2H2 = 0 ,

by means of the structural equation H + 〈x | ν〉 = 0, hence |x|2 is a harmonic
function onM and looking at the point of M of minimum distance from the origin,
by the strong maximum principle for elliptic equations, it must be constant on M .

We assume now that the kernel of A is not empty at some point p ∈M and
let v1(p), . . . , vn−m(p) ∈ TpM ⊂ Rn+1 be a family of unit orthonormal tangent
vectors spanning such (n−m)-dimensional kernel, that is hij(p)v

j
k(p) = 0. Then,

the geodesic γ(s) from p in M (which is complete) with initial velocity vk(p)
satisfies

∇s(hijγjs) = H−1〈∇H | γs〉hijγjs
hence, by Gronwall’s lemma there holds hij(γ(s))γjs(s) = 0 for every s ∈ R.
Since γ is a geodesic in M , the normal to the curve in R

n+1 is also the normal to
M , then letting κ be the curvature of γ in R

n+1, we have

κ =
〈
ν
∣∣∣ d
ds
γs

〉
= hijγ

i
sγ
j
s = 0 ,

thus γ is a straight line in Rn+1.
Hence, all the (n −m)-dimensional affine subspace p+ S(p) ⊂ R

n+1 is contained
in M , where we set S(p) = 〈v1(p), . . . , vn−m(p)〉 ⊂ Rn+1.
Let now σ(s) be a geodesic from p to another point q parametrized by arclength
and extend by parallel transport the vectors vk along σ, then

∇s(hijv
j
k) = H−1〈∇H | σs〉hijvjk
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and again by Gronwall’s lemma it follows that hijv
j
k(s) = for every s ∈ R, in

particular vk(q) is contained in the kernel of A at q ∈ M . This argument clearly
shows that the kernel S(p) of A has constant dimension n −m with 0 < m < n
(as A is never zero) at every point p ∈ M and all the affine (n −m)-dimensional
subspaces p+ S(p) ⊂ Rn+1 are contained in M .
Moreover, as hijv

j
k = 0 along the geodesic σ, denoting by ∇R

n+1
the covariant

derivative of Rn+1 we have

∇R
n+1

s vk = ∇svk + hijv
j
kσ

i
sν = 0 ,

so the extended vectors vk are constant in Rn+1, which means that the parallel
extension is independent of the geodesic σ, that the subspaces S(p) are all a
common (n −m)-dimensional vector subspace of Rn+1 that we denote by S and
that M = M + S ⊂ R

n+1.
By Sard’s theorem, there exists a vector y ∈ S such that N = M ∩ (y + S⊥) is
a smooth, complete m-dimensional submanifold of Rn+1; then as M = M + S it
is easy to see that M = N × S, but this implies that L = S⊥ ∩M is a smooth,
complete m-dimensional submanifold of S⊥ = Rm+1 with M = L× S.
Moreover, as S is in the tangent space to every point of L, the normal ν to M at
a point of L stays in S⊥ so it must coincide with the normal νL to L in S⊥, then
a simple computation shows that the mean curvature of M at the points of L is
equal to the mean curvature HL of L as a hypersurface of S⊥ = Rm+1. This shows
that L is a hypersurface in Rm+1 satisfying HL + 〈z | νL〉 = 0 for every z ∈ Rm+1.
Finally, as by construction the second fundamental form of L has empty kernel,
by the previous discussion we have L = Sm(

√
m) and M = Sm(

√
m)×Rn−m and

we are done. �
Remark 3.4.2. Notice that it follows that all the possible blow-up limits are con-
vex. It is a very important fact, proved by Huisken and Sinestrari [73] (see also
White [122]), that the same conclusion also holds at a type II singularity of the
flow of a mean convex hypersurface (Theorem 4.2.1 and Proposition 4.2.3 in the
next chapter).
Remark 3.4.3. Actually, Abresch and Langer in [1] (and also Epstein and Wein-
stein in [40]) classify all the closed curves in R2 satisfying the structural equation
k + 〈γ | ν〉 = 0 (also the curves with self-intersections), see Appendix E for more
details.
We underline that, even if the techniques are elementary, the proof of such a
classification result is definitely nontrivial.
The result in the embedded case in these papers is a consequence of the general
classification theorem. To the author’s knowledge, the “shortcut” presented in the
proof above is due to Chou and Zhu [26, Proposition 2.3].

We mention that recently Colding and Minicozzi in [29] proved this classifi-
cation result assuming only a polynomial volume growth, without any bound on
the second fundamental form A.
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In dimension n ≥ 2, without the assumption H > 0 the conclusion is not
true; an example is the Angenent torus in [17]. The following higher-dimensional
analogy of Abresch and Langer’s result is an open question.

Open Problem 3.4.4. When n ≥ 2, is any smooth embedding of Sn in Rn+1 such
that H + 〈x | ν〉 = 0 isometric to a sphere?

Since by Corollary 3.3.7 the unit multiplicity hyperplanes are excluded as
blow-up limits at a singular point, we have the following conclusion.

Theorem 3.4.5. Let the compact, initial hypersurface be embedded and with H ≥ 0.
Then, every limit hypersurface obtained by rescaling around a type I singular point,
up to a rotation in Rn+1, must be either the sphere Sn(

√
n) or one of the cylinders

S
m(

√
m) × R

n−m.

We discuss now what are the possible values of the limit heat density function,
following Stone [115]. As Θ(p) is the value of the Huisken’s functional on any limit
of rescaled hypersurfaces and since these latter are “finite”, we have that the
possible values of Θ(p) are 1 in the case of a hyperplane and

Θn,m =
1

(2π)n/2

∫
Sm(

√
m)×Rn−m

e−
|x|2
2 dHn

for m ∈ {1, . . . , n}.
A straightforward computation gives, for m > 0,

Θn,m =
( m

2πe

)m/2
ωm

where ωm denotes the volume of the unit m-sphere.
Notice that Θn,m does not depend on n so we can simply write Θm = Θn,m.

Lemma 3.4.6 (Stone [115]). The values of Θm are all distinct and larger than 1
for m > 0. Indeed the numbers

{
Θm |m = 1, 2, . . .

}
form a strictly decreasing

sequence in m ∈ N, with Θm ↘
√

2 as m→ ∞.

By all this discussion we conclude that the “shape” of the limit hypersurfaces
arising from a blow-up at a type I singularity of mean curvature flow of a compact,
embedded, mean convex hypersurface, is classified by the value of the limit heat
density function at the blow-up point.

Proposition 3.4.1 solves Problem 3.2.12 in the subclass of the embedded, limit
hypersurfaces with H ≥ 0. A consequence is a positive answer to Problem 3.3.3,
indeed, if the limit of rescalings around a nonspecial singular point is an embedded
hypersurface with at least one point with A = 0, the only possibility is then a single
hyperplane with unit multiplicity by the classification result.
Moreover, combining such conclusion with Proposition 3.3.4, also Problem 3.3.6
has a full answer in this subclass, in its stronger form (see the discussion immedi-
ately after the problem).
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Proposition 3.4.7. Every singular point of a type I singularity of the motion by
mean curvature of a compact, embedded initial hypersurface with H ≥ 0 is a special
singular point.

Remark 3.4.8. We underline that it follows that Σ > 1 without appealing to
White’s theorem, indeed, by this proposition there must exist at least one special
singular point p ∈M , hence Θ(p) > 1 and Σ ≥ Θ(p) > 1.
This fact clearly allows also the conclusion of the blow-up procedure described in
Remark 3.3.9 without White’s theorem.

As a consequence, if the flow develops a type I singularity and a blow-up
limit is a sphere (or a circle for curves), the flow is smooth till the hypersurface
shrinks to a point, becoming asymptotically spherical.
This also implies that at some time the hypersurface has become convex.

Actually, more in general, the following pair of theorems describe the flow of
convex curves and hypersurfaces.

Theorem 3.4.9 (Gage and Hamilton [46, 47, 48]). Under the curvature flow a
convex closed curve in R

2 smoothly shrinks to a point in finite time. Rescaling in
order to keep the length constant, it converges to a circle in C∞.

Theorem 3.4.10 (Huisken [65]). Under the mean curvature flow a compact and
convex hypersurface in Rn+1 with n ≥ 2 smoothly shrinks to a point in finite time.
Rescaling in order to keep the Area constant, it converges to a sphere in C∞.

Remark 3.4.11. The theorem for curves is not merely a consequence of the general
result. The proof in dimension n ≥ 2 does not work in the one-dimensional case.

Actually, the C∞-convergence to a circle or to a sphere is exponential.
At the end of Section 4.1 of the next chapter, we will show a line of proof

of Theorem 3.4.10 by Hamilton in [60], different from the original one. Another
proof was also given by Andrews in [9], analyzing the behavior of the eigenvalues
of the second fundamental form close to the singular time.

Theorem 3.4.9 will follow from the strong fact that a simple closed curve in
R2 cannot develop type II singularities at all.

The last point missing in all this story, even in the mean convex case when n ≥
2, is a full answer to Problem 3.2.11. We concluded that any blow-up limit gives
the same value of the Huisken’s functional, hence its “shape” is fixed: hyperplane,
sphere or cylinder. If the limit is a sphere, the limit is unique and there is full
convergence; if it is a hyperplane we already had such a conclusion by White’s
Theorem 3.2.22. But, if the limit is a cylinder, its axis could possibly change,
depending on the choice of the converging sequence. Clearly, in the case of curves
Problem 3.2.11 is solved affirmatively as there are no “cylinders”.

If the initial hypersurface is only immersed, the conclusion of the classification
theorem, Proposition 3.4.1, still holds, allowing the possibility that M is the union
of a finite family of hypersurfaces among the hyperplanes through the origin, the
spheres S

n(
√
n) and the cylinders S

m(
√
m)×R

n−m (with possible different axes).
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In the one-dimensional case one has to enlarge the possible curves in the
conclusion of such theorem to include also all the family of the so-called Abresch–
Langer curves, described in [1] (see Appendix E).

Anyway, the possible existence of blow-up limits which are hyperplanes with
multiplicity larger than one prevents the application of the argument leading to
Proposition 3.4.7. Actually, to the author’s knowledge, in the immersed-only case
there is not a general procedure to exhibit a limit of rescaled hypersurfaces which
is homothetic and nonflat at a type I singularity.

3.5 Embedded Closed Curves in the Plane

The case of an embedded, closed curve γ in R2 is special, indeed the classification
theorem, Proposition 3.4.1, holds without a priori assumptions on the curvature.
So there are only two possible limits of rescaled curves without self-intersections,
either a line through the origin or the circle S1. This gives immediately a general
positive answer to Problems 3.2.12 and 3.3.3 and implies as before that every
singular point is a special singular point.
As we already said, in this very special case, also Problem 3.2.11 is solved affir-
matively; the limit is always unique.

Arguing as in the previous section, we then have the following conclusion.

Theorem 3.5.1. Let γ ⊂ R2 be a simple closed curve, then every curve obtained by
limit of rescalings around a type I singular point of its motion by curvature is the
circle S1.
As a consequence, if a simple closed curve is developing a type I singularity, at
some time the curve becomes convex and shrinks to a point, becoming asymptoti-
cally circular at the singular time.

We mention here that an extensive and deep analysis of the behavior of
general curves moving by curvature (even when the ambient is a generic surface
different from R2) is provided by the pair of papers by Angenent [14, 16] (see also
the discussion in [17]).
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Type II Singularities

We assume now that we are in the type II singularity case, that is,

lim sup
t→T

max
p∈M

|A(p, t)|
√
T − t = +∞

for the mean curvature flow of a compact hypersurface ϕ : M × [0, T ) → Rn+1 in
its maximal interval of existence.

A good question is actually whether type II singularities exist.
An example is given by a closed, symmetric, self-intersecting curve with the shape
of a symmetric “eight” figure in the plane, which has zero rotation number. Push-
ing a little the analysis of the previous chapter and keeping into account the
symmetries of the curve, if the curve develops a type I singularity, we can produce
a nonflat blow-up limit which is homothetic and nonflat. Then such a limit must
be a circle or one of Abresch–Langer’s curves. In both cases, the limit would be a
compact closed curve and by the smooth convergence, the rotation number would
still be zero. Hence, the circle has to be excluded and the contradiction is given
by the fact that there are no Abresch–Langer curves with zero rotation number.
Hence, type I singularities do not describe all the possible ones.
Another example is given by a cardioid-like curve in the plane with a very small
loop, hence high curvature: one can correctly guess that at some time the loop
shrinks while the rest of the curve remains smooth and a cusp develops. Such
a singularity is of type II, since if we have a Type I singularity we would get
an Abresch–Langer curve as a blow-up limit and this implies, as these latter are
compact, that the entire curve has vanished in a single point (see the analysis
in [15] and also [14, 16]).
As we will see in Theorem 4.5.5 that embedded curves do not develop type II
singularities, one could reasonably conjecture that also for embedded hypersurfaces
(at least in low dimension) all the singularities are of type I. Unfortunately, this is
not true even if the dimension is only two, indeed, the following example excludes
such a good behavior.
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Example (The Degenerate Neckpinch). For a given λ > 0, let us set

φλ(x) =
√

(1 − x2)(x2 + λ), −1 ≤ x ≤ 1.

For any n ≥ 2, let Mλ be the n-dimensional hypersurface in Rn+1 obtained by
rotation of the graph of φλ in R2. The hypersurface Mλ looks like a dumbbell,
where the parameter λ measures the width of the central part. Then, it is possible
to prove the following properties (see [4]):

1. if λ is large enough, the hypersurface Mλ
t eventually becomes convex and

shrinks to a point in finite time;

2. if λ is small enough, Mλ
t exhibits a neckpinch singularity as in the case of

the standard neckpinch (see Section 1.4);

3. there exists at least one intermediate value of λ > 0 such that Mλ
t shrinks to

a point in finite time, has positive mean curvature up to the singular time,
but never becomes convex. The maximum of the curvature is attained at the
two points where the surface meets the axis of rotation;

4. in this latter case the singularity is of type II, otherwise the blow-up at the
singular time would give a sphere (for all p ∈ M we would have p̂ = O ∈
Rn+1 hence, by estimate (3.2.2), any limit hypersurface is bounded). This
is impossible as it would imply that the surface would have been convex at
some time.

The flowing hypersurface at point (3) is called the degenerate neckpinch and was
first conjectured by Hamilton for the Ricci flow [61, Section 3]. Intuitively speaking,
it is a limiting case of the neckpinch where the cylinder in the middle and the two
spheres on the sides shrink at the same time. One can also build the example in an
asymmetric way, with only one of the two spheres shrinking simultaneously with
the neck, while the other one remains nonsingular.
A sharp analysis of the singular behavior for a class of rotationally symmetric sur-
faces exhibiting a degenerate neckpinch has been done by Angenent and Velázquez
in [19].
Another interesting example of singularity formation (a family of evolving tori,
proposed by De Giorgi) was carefully studied by Soner and Souganidis in [110,
Proposition 3] (see also the numerical analysis performed by Paolini and Verdi
in [101, Section 7.5]).

4.1 Hamilton’s Blow-up

In order to deal with the blow-up around type II singularities we need a new set
of estimates which are actually independent of the type II hypothesis and scaling
invariant (see [3] and [104]).
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Proposition 4.1.1. Let ϕ : M × [0, T ) → Rn+1 be the mean curvature flow of a
compact hypersurface such that supp∈M |A(p, 0)| ≤ Λ < +∞. Then, there exists
a time τ = τ(Λ) > 0 and constants Cm = Cm(Λ), for every m ∈ N such that
|∇mA(p, t)|2 ≤ Cm/t

m for every p ∈M and t ∈ (0, τ).

Proof. We prove the claim by induction. By the evolution equation for |A|2,

∂

∂t
|A|2 = ∆|A|2 − 2|∇A|2 + 2|A|4 ≤ ∆|A|2 + 2|A|4,

we get
∂

∂t
|A|2max ≤ 2|A|4max ,

hence, there exists a time τ = τ(Λ) > 0 and a constant C0 = C0(Λ) such that
|A(p, t)|2 ≤ C0 for every p ∈M and t ∈ [0, τ). This is the case m = 0.
Recalling equation (2.3.4), setting f =

∑m
k=0 |∇kA|2λktk for some positive con-

stants λ0, . . . , λm and assuming the inductive hypothesis |∇kA(p, t)|2 ≤ Ck(Λ)/tk

for any k ∈ {0, . . . ,m− 1}, p ∈M and t ∈ (0, τ), we compute

∂

∂t
f =

∂

∂t

m∑
k=0

|∇kA|2λktk

=
m∑
k=1

|∇kA|2kλktk−1

+
m∑
k=0

λkt
k
(
∆|∇kA|2 − 2|∇k+1A|2 +

∑
p+q+r=k | p,q,r∈N

∇pA ∗ ∇qA ∗ ∇rA ∗ ∇kA
)

≤ ∆f +
m∑
k=1

|∇kA|2(kλk − 2λk−1)tk−1 − 2|∇m+1A|2λmtm

+
m∑
k=0

λkt
kC(k)

∑
p+q+r=k | p,q,r∈N

|∇pA||∇qA||∇rA||∇kA|

≤ ∆f +
m∑
k=1

|∇kA|2(kλk − 2λk−1)tk−1 +
m−1∑
k=0

λkC(k)
∑

p+q+r=k | p,q,r∈N

CpCqCrCk

+ λmt
m/2C(m)

( ∑
p+q+r=m | p,q,r<m

CpCqCr

)
|∇mA| + λmt

mC(m)|A|2|∇mA|2

≤ ∆f +
m∑
k=1

|∇kA|2(kλk − 2λk−1)tk−1 + Cλmt
m|∇mA|2 +D

where in the last passage we applied Peter–Paul inequality. If we choose now
inductively positive constants λ1, . . . , λm such that λk = 2λk−1/k starting with
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λ0 = 1 (easily λk = 2k/k!), we have

∂

∂t
f ≤ ∆f + Cλmt

m|∇mA|2 +D ≤ ∆f + Cf +D ,

for every p ∈ M and t ∈ (0, τ), where the constants C and D depend only on m
and Λ, by the inductive hypothesis. Notice that the inequality holds also at t = 0
as the function f is smooth on M × [0, τ).
This differential inequality, by the maximum principle, then implies that fmax(t)
is bounded in the interval [0, τ) by some constant C depending only on m, Λ and
fmax(0) = |A|2max(0) ≤ Λ2, hence

tm|∇mA(p, t)|2 ≤ f(t)/λm ≤ C/λm = Cm

in the interval t ∈ [0, τ); then we are done as Cm = Cm(Λ). �

The following corollary is an easy consequence.

Corollary 4.1.2. Let ϕ : M × [0, T ) → R
n+1 be the mean curvature flow of a

compact hypersurface such that supp∈M |A(p, 0)| ≤ Λ < +∞. Then, there exists
a value τ = τ(Λ) > 0 and constants Cm for every m ∈ N, depending only on Λ,
such that |∇mA(p, t)|2 ≤ Cm for every p ∈M and t ∈ (τ/2, τ).
For instance, one can choose τ = 1/(4Λ2).

Proof. Only the last claim needs an explanation, it follows by integrating the
differential inequality

∂

∂t
|A|2max ≤ 2|A|4max . �

Remark 4.1.3. These estimates provide another proof of Proposition 2.4.8, more-
over they can replace the estimates of Proposition 3.2.9 in the proof of Proposi-
tion 3.2.10.

We describe now Hamilton’s procedure to get a blow-up flow at a type II
singularity of the mean curvature flow of a compact hypersurface at time T > 0.

Let us choose a sequence of times tk ∈ [0, T − 1/k] and points pk ∈ M such
that

|A(pk, tk)|2(T − 1/k − tk) = max
t∈[0,T−1/k]

p∈M

|A(p, t)|2(T − 1/k − t) . (4.1.1)

This maximum goes to +∞ as k → ∞; indeed, if it is bounded by some constant
C on a subsequence ki → ∞, for every t ∈ [0, T ) definitely we have t ∈ [0, T−1/ki]
and

|A(p, t)|2(T − t) = lim
i→∞

|A(p, t)|2(T − 1/ki − t) ≤ C

for every p ∈M . This is in contradiction with the type II condition

lim sup
t→T

max
p∈M

|A(p, t)|
√
T − t = +∞ .

This fact also forces the sequence tk to converge to T as k → ∞. If tki is a
subsequence not converging to T , we would have that the sequence |A(pki , tki)|2
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is bounded, hence also

max
t∈[0,T−1/ki ]

p∈M

|A(p, t)|2(T − 1/ki − t)

would be bounded.
Thus, we can choose an increasing (not relabelled) subsequence tk converging to
T , such that |A(pk , tk)| goes monotonically to +∞ and

|A(pk, tk)|2tk → +∞ , |A(pk, tk)|2(T − 1/k − tk) → +∞ ,

Moreover, we can also assume that pk → p for some p ∈M .
We rescale now the flow as follows: let ϕk : M × Ik → Rn+1, where

Ik = [−|A(pk, tk)|2tk, |A(pk, tk)|2(T − 1/k − tk)] ,

be the evolution given by

ϕk(p, s) = |A(pk, tk)|[ϕ(p, s/|A(pk, tk)|2 + tk) − ϕ(pk, tk)]

and we set Mk
s = ϕk(M, s) and Ak the second fundamental form of the flowing

hypersurfaces ϕk .
It is easy to check that this is a parabolic rescaling hence, every ϕk is still a mean
curvature flow, moreover the following properties hold:

• ϕk(pk, 0) = 0 ∈ Rn+1 and |Ak(pk, 0)| = 1,
• for every ε > 0 and ω > 0 there exists k ∈ N such that

max
p∈M

|Ak(p, s)| ≤ 1 + ε (4.1.2)

for every k ≥ k and s ∈ [−|A(pk, tk)|2tk, ω].

Indeed, (the first point is immediate), by the choice of the minimizing pairs (pk, tk)
we get

|Ak(p, s)|2 = |A(pk, tk)|−2|A(p, s/|A(pk, tk)|2 + tk)|2

≤ |A(pk, tk)|−2|A(pk, tk)|2
T − 1/k − tk

T − 1/k − tk − s/|A(pk, tk)|2

=
|A(pk, tk)|2(T − 1/k − tk)

|A(pk, tk)|2(T − 1/k − tk) − s
,

if s/|A(pk, tt)|2 + tk ∈ [0, T − 1/k], that is, if s ∈ Ik . Then, assuming s ≤ ω and k
large enough, the claim follows as we know that |A(pk, tk)|2(T − 1/k− tk) → +∞.

This discussion implies that if we are able to take a (subsequential) limit of
these flows, locally smoothly converging in every compact time interval, we would
get a mean curvature flow such that the norm of the second fundamental form is
uniformly bounded by one and the time interval of existence is the whole R as
limk→∞ Ik = (−∞,+∞).
This is ensured by the next proposition.
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Proposition 4.1.4. The family of flows ϕk converges (up to a subsequence) in the
C∞

loc topology to a nonempty, smooth evolution by mean curvature of complete
hypersurfaces M∞

s in the time interval (−∞,+∞). Such a flow is called eternal,
as a consequence it cannot contain compact hypersurfaces.
Moreover, the second fundamental form and all its covariant derivatives are uni-
formly bounded and |A∞| takes its absolute maximum, which is 1, at time s = 0
at the origin of Rn+1, hence the limit flow is nonflat.
Finally, if the original initial hypersurface was embedded this limit flow consists
of embedded hypersurfaces.

Proof. By the previous discussion, in every bounded interval of time [s1, s2] the
evolutions ϕk have definitely uniformly bounded curvature, precisely |Ak| ≤ (1+ε),
then for ε << 1 by Corollary 4.1.2 in every interval [s1 + 1/16, s1 + 1/8] we have
uniform estimates |∇mAk| ≤ Cm with Cm independent of s1, for every m ∈ N.

By means of the monotonicity formula we can have a uniform estimate on
H̃n(ϕk(M, s) ∩ BR) as follows (we recall that H̃n is the n-dimensional Hausdorff
measure counting multiplicities): we set µks to be the measure associated to the
hypersurface ϕk at time s and µ0 the measure associated to the initial hypersurface
ϕ0, then

H̃n(ϕk(M, s) ∩BR) =
∫
M

χBR(y) dµks(y)

≤
∫
M

χBR(y)e
R2−|y|2

4 dµks (y)

≤ eR
2/4

∫
M

e−
|y|2
4 dµks(y)

= (4π)n/2eR
2/4

∫
M

e−
|y|2

4(s+1−s)

[4π(s + 1 − s)]n/2
dµks(y)

≤C(R)
∫
M

e
− |y|2

4(s+1+|A(pk,tk)|2tk)

[4π(s+ 1 + |A(pk, tk)|2tk)]n/2
dµk−|A(pk,tk)|2tk(y)

=C(R)
∫
M

|A(pk, tk)|ne
− |x−ϕ(pk,tk)|2|A(pk,tk)|2

4(s+1+|A(pk,tk)|2tk)

[4π(s+ 1 + |A(pk , tk)|2tk)]n/2
dµ0(x)

≤C(R)
∫
M

|A(pk, tk)|n
[4π(s+ 1 + |A(pk, tk)|2tk)]n/2

dµ0(x)

≤C(R)Area(ϕ0)
|A(pk, tk)|n

[4π(s + 1 + |A(pk, tk)|2tk)]n/2
,

hence, if s stays in a bounded interval [s1, s2] ⊂ R, we have

lim sup
k→∞

H̃n(ϕk(M, s) ∩BR) ≤ C(R)
Area(ϕ0)
[4πT ]n/2

= C(R,ϕ0) .
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This implies that

H̃n(ϕk(M, s) ∩BR) ≤ C(R,ϕ0, s1, s2)

uniformly in s ∈ [s1, s2] and where the constant C is independent of k ∈ N.
Then we use the same argument of Proposition 3.2.10, but applied to flows, that
is, we consider the time-tracks of the flows ϕk as hypersurfaces ϕ̃k : M × Ik →
Rn+1 × R = Rn+2 defined by ϕ̃k(p, s) = (ϕk(p, s), s) and we reparametrize them
locally as graphs of smooth functions.
Reasoning as in the proof of Proposition 2.4.9, the estimates on the space covariant
derivatives of Ak imply uniform locally estimates on space and also time derivatives
(using the evolution equation) of the representing functions, so up to a subsequence
we can get locally a limit smooth mean curvature flow. By a diagonal argument,
we have the existence of a limit flow (follow the proof of Proposition 3.2.10).
The claimed properties of such limit flow are immediate by the above discussion
and by the fact that any compact hypersurface cannot give rise to an eternal flow
by Corollary 2.2.5. The only point requiring a justification is the embeddedness,
if the initial hypersurface is embedded.
In this case, by Proposition 2.2.7, all the hypersurfaces in the flows ϕk are embed-
ded at every time, then the only possibility for M∞

s not to be embedded is if two
or more of its regions “touch” each other at some point y ∈ Rn+1 with a common
tangent hyperplane.
We define the monotone nondecreasing function G(t) = max s∈[0,t]

p∈M
|A(p, s)| and we

choose a smooth, monotone nondecreasing function K : [0, T ) → R+ such that
G(t) ≤ K(t) ≤ 2G(t) for every t ∈ [0, T ).
Then, we consider the following open set Ωε ⊂M ×M × [0, T ) given by

{(p, q, t) | dg(t)(p, q) ≤ ε/K(t)},

where dg(t) is the geodesic distance in the Riemannian manifold (M, g(t)). Let

Bε = inf
∂Ωε

|ϕ(p, t) − ϕ(q, t)|K(t)

and suppose that Bε = 0 for some ε > 0. This means that there exists a sequence
of times ti ↗ T and points pi, qi with dg(ti)(pi, qi) = ε/K(ti) and |ϕ(pi, ti) −
ϕ(qi, ti)|K(ti) → 0, that is, |ϕ̃i(pi) − ϕ̃i(qi)| → 0 and dg̃(si)(pi, qi) = ε, where ϕ̃i
is the rescaling of the hypersurface ϕti around the point ϕ(pi, ti) by the dilation
factor K(ti) ≥ G(ti).
As the curvatures Ai of these rescaled hypersurfaces ϕ̃i satisfy

|Ai(p)| = |A(p, ti)|/K(ti) ≤ |A(p, ti)|/G(ti) ≤ 1 ,

reasoning as in the proof of Proposition 3.2.10, we have a contradiction if ε >0 is
small enough.
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Now, fixing ε > 0 such that the above constant Bε is positive and looking at the
function

L(p, q, t) = |ϕ(p, t) − ϕ(q, t)|K(t)

on �Ωε ⊂ M × M × [0, T ), we have that if the minimum of L at any time t
(which is positive as the hypersurfaces are embedded) is lower than Bε, then such
a minimum is not taken on the boundary of the set but in its interior, say at a
pair (p, q). Then, we compute at the point (p, q, t),

∂L(p, q, t)
∂t

=K(t)
∂

∂t
|ϕ(p, t) − ϕ(q, t)| + |ϕ(p, t) − ϕ(q, t)|K ′(t)

≥K(t)
∂

∂t
|ϕ(p, t) − ϕ(q, t)|

and a geometric argument analogous to the one in the proof of Proposition 2.2.7
shows that this last partial derivative is nonnegative (when it exists, almost every-
where). Then, by means of the maximum principle (Hamilton’s trick, Lemma 2.1.3)
we conclude that when the minimum of L at time t is lower than Bε it is nonde-
creasing.
Hence, there is a positive lower bound Cε on

inf
�Ωε

|ϕ(p, t) − ϕ(q, t)|K(t) ,

consequently,

inf
�Ωε

|ϕ(p, t) − ϕ(q, t)|G(t) ≥ Cε/2 > 0 .

Now notice that, for the pairs (pk, tk) coming from formula (4.1.1) we have
|A(pk, tk)| = G(tk), otherwise there would exist a time t < tk with

max
p∈M

|A(p, t)| > |A(pk, tk)|

which is in contradiction with the maximum in the right-hand side of equa-
tion (4.1.1).
As |A(pk, tk)| ≥ G(t) for every t ≤ tk, fixed ω, δ > 0, by inequality (4.1.2) we have
definitely maxp∈M |Ak(p, s)| ≤ (1 + δ) for every s ≤ ω, hence

G(s/|A(pk, tk)|2 + tk) = max
r≤s
p∈M

|A(p, r/|A(pk, tk)|2 + tk)| (4.1.3)

≤ max
r≤ω
p∈M

|Ak(p, r)||A(pk, tk)|

≤ (1 + δ)|A(pk, tk)| .
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If s ∈ [0, ω] and dgk(s)(p, q) > ε, definitely

dg(s/|A(pk,tk)|2+tk)(p, q) =dgk(s)(p, q)/|A(pk, tk)|
=dgk(s)(p, q)/G(tk)

≥ ε

G(s/|A(pk, tk)|2 + tk)

≥ ε

K(s/|A(pk, tk)|2 + tk)

hence, (p, q, s/|A(pk, tk)|2 + tk) ∈ �Ωε.
If instead s ≤ 0, we define L(s) = supM∞

s
|A∞| ≤ 1 and we see that if L(s) = 0

for some s ≤ 0 then M∞
s is a hyperplane and the limit flow is flat till s = 0 (by

uniqueness of the flow as A∞ is bounded, see Remark 1.5.4), which is impossible
as |A∞(0, 0)| = 1, hence L(s) > 0. Then, for every s ≤ 0 we must have definitely

G(s/|A(pk, tk)|2 + tk)/|A(pk, tk)| ≥ L(s)/2

and if dgk(s)(p, q) > 2ε/L(s),

dg(s/|A(pk,tk)|2+tk)(p, q) =dgk(s)(p, q)/|A(pk, tk)|

>
2ε

|A(pk, tk)|L(s)

≥ ε

G(s/|A(pk, tk)|2 + tk)

≥ ε

K(s/|A(pk, tk)|2 + tk)

hence, also in this case (p, q, s/|A(pk, tk)|2 + tk) ∈ �Ωε.
Then in both cases, if dgk(s)(p, q) > min{ε, 2ε/L(s)} = ε > 0 (notice that ε <
2ε/L(s) as L(s) ≤ 1),∣∣∣ϕ(p,s/|A(pk,tk)|2 +tk)−ϕ(q,s/|A(pk ,tk)|2 +tk)

∣∣∣G(s/|A(pk,tk)|2 + tk)≥Cε/2>0

and by inequality (4.1.3) it follows that definitely

|ϕk(p,s)−ϕk(q,s)|=|ϕ(p,s/|A(pk,tk)|2 + tk)−ϕ(q,s/|A(pk,tk)|2 + tk)||A(pk,tk)|

≥ Cε|A(pk,tk)|
2G(s/|A(pk,tk)|2 + tk)

≥ Cε
2(1+δ)

.

As ω and δ were arbitrary and the convergence is smooth, this conclusion passes
to all the limit hypersurfaces M∞

s , for every s ∈ R. That is, if a couple of points
of M∞

s has intrinsic distance larger than ε > 0, their extrinsic distance is bounded
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from below by some uniform positive constant. If ε > 0 is then chosen small enough
such that any hypersurface with |A| ≤ 1 (like every M∞

s ) is an embedding when
it is restricted to any intrinsic ball of radius smaller than ε, we are done. The
hypersurfaces M∞

s cannot have self-intersections for every s ∈ R, hence they are
all embedded. �
Exercise 4.1.5. This blow-up procedure can be applied also at a type I singularity.
There are some differences and the sequence tk must be chosen in order that
tk → T , since it is not a consequence of the construction.
The limit mean curvature flow that one obtains is no more eternal but only ancient,
that is, defined on some interval (−∞,Ω) with Ω > 0, and |A∞| ≤ 1 holds only
on (∞, 0].
It is an open problem if this limit flow is actually homothetically shrinking, in
general.

The analysis of singularities in the type II case is then reduced to classify
these eternal flows with bounded curvature (and its covariant derivatives) with the
extra property that the norm of the second fundamental form takes its maximum,
equal to one, at some point in space and time.

Examples of this class are the translating mean curvature flows (with bounded
second fundamental form and |A| achieving its maximum), that is, hypersurfaces
M ⊂ R

n+1 such that during the motion do not change their shape but simply
move in a fixed direction with constant velocity. We have seen in Proposition 1.4.2
that this condition is equivalent to the existence of a vector v ∈ Rn+1 such that
H(p) = 〈v | ν(p)〉 at every point p ∈M . Clearly, by comparison with spheres, these
hypersurfaces cannot be compact.

Open Problem 4.1.6. Classify all the eternal mean curvature flows of complete,
connected, hypersurfaces in Rn+1 such that A and its covariant derivatives are
uniformly bounded and |A| takes its maximum at some point in space-time. The
same problem assuming embeddedness or supposing that the flow comes from
Hamilton’s blow-up procedure.

Another problem is the analogous classification for ancient complete flows
with bounded curvature at every fixed time (see the discussion in [121, page 536]).
For closed convex curves, this problem has been solved by Daskalopoulos, Hamilton
and Sesum [31]. The higher-dimensional case was recently studied by Brendle,
Huisken and Sinestrari. Finally, the same questions can be asked also for the
immortal flows, that is, defined on [0,+∞).

In view of the results of the next section, we also state the following.

Open Problem 4.1.7. All the eternal mean curvature flows of complete hypersur-
faces in Rn+1 coming from Hamilton’s blow-up procedure are translating flows?
At least if they are embedded?

These problems are difficult in general, but as in the type I singularity case,
if the evolving hypersurfaces are mean convex (H ≥ 0) or if we are dealing with



4.2. Hypersurfaces with Nonnegative Mean Curvature 95

curves in the plane, they have a positive answer. This will be the subject of the
next sections.

We underline that the “bad blow-up rate” is an obstacle to the use of
Huisken’s monotonicity formula in the context of type II singularities, an exception
will be discussed in Section 4.5.1.

We conclude this section by giving Hamilton’s line of proof of Theorem 3.4.10,
which is different from the original one.

Proof of Theorem 3.4.10. Let T be the maximal time of smooth existence of the
mean curvature flow of an n-dimensional convex hypersurface. By the results of
Section 2.5, in particular Proposition 2.5.8, we have that after any positive time
H > 0 and there exists a positive constant α, independent of time, such that
A ≥ αHg as forms.
If at time T we have a type II singularity, we get an unbounded, eternal convex
blow-up limit flow with H ≥ 0, using Hamilton’s procedure. By the strong maxi-
mum principle, actually H > 0 for every time (otherwise H ≡ 0 everywhere, but
this and the convexity would imply that the limit flow is simply a fixed hyper-
plane) and the condition A ≥ αHg passes to the limit. Then, by the following
theorem of Hamilton [60], all the hypersurfaces of the limit flow are compact, in
contradiction with the unboundedness, hence type II singularities cannot develop.

Theorem 4.1.8. Let M be a smooth, complete, strictly convex, n-dimensional hy-
persurface in the Euclidean space, with n ≥ 2. Suppose that for some α > 0 its
second fundamental form is α-pinched in the sense that A ≥ αHg, where g is the
induced metric and H its mean curvature. Then M is compact.

Dealing with type I singularities, any blow-up limit is embedded, strictly
convex and compact, again by this theorem. Hence, by Theorem 3.4.5 it can be
only the sphere Sn(

√
n).

This implies that the full sequence of rescaled hypersurfaces converges in C∞ to
such sphere.
Finally, as the blow-up limit is unique and compact, the original hypersurface
shrinks to a point in finite time. �

4.2 Hypersurfaces with Nonnegative Mean Curvature

We shall now consider the formation of type II singularities for hypersurfaces which
are mean convex, that is, with nonnegative mean curvature everywhere.
An important result for the analysis of singularities of mean convex hypersur-
faces is the following estimate on the elementary symmetric polynomials of the
curvatures Sk proved in [73], which holds in general for any mean curvature flow.

Theorem 4.2.1 (Huisken–Sinestrari [73]). Let ϕ : M × [0, T ) → Rn+1 be the mean
curvature flow of a compact, mean convex, immersed hypersurface, for n ≥ 2.
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Then, for any η > 0 there exists a positive constant C = C(η, ϕ0) such that
Sk ≥ −ηHk − C for any k = 2, . . . , n at every point of M and t ∈ [0, T ).

This estimate easily implies the following one, which has a more immediate
interpretation.

Corollary 4.2.2. Under the same hypotheses of the previous theorem, for any η > 0
there exists a positive constant C = C(η, ϕ0) such that λmin ≥ −ηH − C at every
point of M and t ∈ [0, T ), where λmin is the smallest eigenvalue of the second
fundamental form.

The interest in the above estimates lies in the fact that η can be chosen
arbitrarily small and C is a constant not depending on the curvatures and time.
Thus, roughly speaking, we see that the negative curvatures become negligible
with respect to the others when the singular time is reached, as H is going to
+∞. This implies that the second fundamental form of the hypersurface becomes
asymptotically nonnegative definite at a singularity.
Let us observe that these results cannot be valid for general hypersurfaces, even
in low dimension. Indeed, Angenent’s homothetically shrinking torus in [17] has a
behavior which is incompatible with these convexity estimates.

Proposition 4.2.3. If n ≥ 2 and the initial hypersurface is mean convex, the limit
flow M∞

s obtained by Hamilton’s procedure, described in the previous section, con-
sists of convex hypersurfaces.

Proof. First, since we are taking the limit of hypersurfaces with H ≥ 0 the limit
also is mean convex. By the strong maximum principle applied to the evolution
equation for the mean curvature of the limit flow ∂tH∞ = ∆H∞ + H∞|A∞|2, we
actually have H∞(p, t) > 0 for every point in space and time, otherwise H∞ is
identically zero, hence also A∞ is zero which is in contradiction with the fact that
the limit flow is nonflat.
Fixing any η > 0 and a pair (p, s) with p ∈ M∞

s , if Qk → +∞ is the rescaling
factor for the flow ϕk and qk ∈ M is such that pk = ϕk(qk , s) converges to p
as k → ∞, we have Hk(qk, s) = H(qk, s/Qk + tk)/Qk → H∞(p, t) > 0, hence
H(qk, s/Qk + tk) → +∞. Now, since by Corollary 4.2.2 there exists a constant
C > 0 such that λmin ≥ −ηH − C for the original flow ϕ and H > ε at least for
every t > δ > 0, we have λmin/H ≥ −η − C/H everywhere. When we rescale the
hypersurfaces we get

λmin
k (qk, s)
Hk(qk, s)

=
λmin(qk, s/Qk + tk)
H(qk, s/Qk + tk)

≥ −η − C

H(qk, s/Qk + tk)

and sending k → ∞ we conclude λmin∞ (p, s)/H∞(p, s) ≥ −η.
Since η > 0 was arbitrary and this argument holds for every pair (p, s) with
p ∈M∞

s , the second fundamental form is nonnegative definite on the whole limit
flow, hence all the hypersurfaces are convex. �
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Remark 4.2.4. Instead of using Corollary 4.2.2, one can apply the same argu-
ment directly to the estimates of Theorem 4.2.1 obtaining that all the elementary
symmetric polynomials of the eigenvalues of the second fundamental form are non-
negative at every point in space and time for the limit flow. By relations (2.5.1)
the conclusion follows.

Remark 4.2.5. This result also holds if Hamilton’s procedure is applied type I
singularities (see Exercise 4.1.5).

Remark 4.2.6. This proposition (in a slightly stronger form) has also been obtained
by White [122] by completely different techniques. His approach also works for the
subsequent singularities of “weak” mean curvature flows which continue after the
first singular time.

The hypersurfaces of the limit flow are convex, but in general not strictly
convex. However, if they are not strictly convex, then they necessarily split as the
product of a flat factor with a strictly convex one, as shown by the following result.

Proposition 4.2.7 (Theorem 4.1 in [73]). If any of the convex hypersurfaces of the
limit flow M∞

s is not strictly convex, then (up to a rigid motion) M∞
s = Nm

s ×
Rn−m, where 1 ≤ m ≤ n and Nm

s is a family of strictly convex, m-dimensional,
complete hypersurfaces moving by mean curvature in Rm+1.

Proof. The proof is based on Hamilton’s strong maximum principle for tensors
in [56, Section 8] (see Appendix C, Theorem C.1.3), which holds also if the manifold
is not compact (as it is in our case).
If m(s) ∈ N is the minimal rank of A∞ on M∞

s , arguing as in Remark 2.5.6 this
integer-valued function is nondecreasing. Letting m < n be its global minimum
which is realized at some point of M∞

s0 , it follows that m(s) = m for every s ≤ s0.
Again by the argument in Remark 2.5.6, for every s ≤ s0 the hypersurface M∞

s

must contain an (n −m)-dimensional affine subspace of Rn+1 which is invariant
by parallel transport and time. Clearly, such a subspace is the same for all s ≤ s0.
Thus, the limit flow for s ∈ (−∞, s0] splits as a product of an (n−m)-dimensional
flat part and a family of strictly convex m-dimensional hypersurfaces Nm

s ⊂ Rm+1

evolving by mean curvature.
By uniqueness of the flow as A∞ is bounded (see the discussion in Remark 1.5.4),
this must hold also for every s > s0. �

Exercise 4.2.8. For a type I singularity of the mean curvature flow of a mean
convex, embedded initial hypersurface, Hamilton’s procedure (see Exercise 4.1.5)
gives a flow M∞

s which is of the form Sms ×Rn−m, for some 1 ≤ m ≤ n where Sms

is an m-dimensional shrinking sphere.

In the case of the evolution of mean convex hypersurfaces in a time interval
[0, T ), by Proposition 2.4.2 and Corollary 2.4.3, the mean curvature H and |A| are
comparable quantities, that is, there exists a constant α, independent of time such
that α|A| ≤ H ≤

√
n|A| for t ∈ [δ, T ). This implies that we can modify Hamilton’s
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blow-up procedure, substituting H2 in place of |A|2 in equation (4.1.1), with the
same estimates on the second fundamental form and its covariant derivatives.
We then still get an eternal smooth limit flow, complete with bounded curvature
and its covariant derivatives, with the only difference that this time it is the mean
curvature H which gets a global maximum equal to one at time zero. This will be
crucial to continue the analysis in the next sections.
Analogously, it is easy to see that the conclusions of Propositions 4.2.3 and 4.2.7
are not affected by this modification so also in this case the limit flow consists of
convex hypersurfaces.
We call this limit flow Hamilton’s modified blow-up limit.

Remark 4.2.9. Notice that for curves in R2 the two procedures coincide as |A| =
|H| = |k|, where k is the usual curvature of a curve in the plane.

As the argument leading to Proposition 4.2.3 does not work in the one-
dimensional case of curves, we deal with this latter separately in the next section.

4.3 The Special Case of Curves

Again, the case of a closed curve in R
2 is special.

We suppose to deal with a generic initial closed curve, smoothly immersed in the
plane R2 and moving by mean curvature γ : S1 × [0, T ) → R2 where at time T we
have a type II singularity. Setting ξ and k to be respectively the arclength and the
curvature of γt, we have the evolution equation ∂tk = kξξ +k3, then we define the
function z(t) = #{p ∈ γt | k(p) = 0} “counting” the number of points on γt such
that k = 0.
We need the following result of Angenent in [16, Proposition 1.2] and [15, Section 2]
(see [13] for the proof).

Proposition 4.3.1. If we have a mean curvature flow of a (possibly unbounded)
curve in R2 which is not a line, in an open interval of time, at every fixed time
the points where k is zero are isolated in space. In particular, this implies that for
a closed curve, the function z is finite at every time.
The function z is nonincreasing during the flow, hence if at some time it is finite,
it remains finite.
Finally, if at some point p ∈ γt we have k(p) = 0 and kξ(p) = 0, then the zero
point p for k immediately vanishes. To be precise, this means that there exists a
small space interval I around p and a small r > t such that k is never zero in
I × (t, r).

We only mention that the proof is based on application of the maximum
principle to the above evolution equation for the curvature.
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By this proposition, in our case we can define It to be the finite family of
open intervals on γt where k �= 0 and the following computation is justified,

d

dt

∫
γt

|k| dξ =
∑
I∈It

∫
I

[
(signk)(kξξ + k3) − |k|3

]
dξ

=
∑
I∈It

∫
I

(signk)kξξ dξ

= − 2
∑

{p∈γt | k(p)=0}
|kξ(p)| .

Hence, the integral
∫
γt
|k| dξ, which is positive and finite at every time by com-

pactness, is not increasing during the flow so it converges to some value L ≥ 0 as
t→ T , moreover it is scaling invariant.
Then we have, for every t1 < t2,∫

γt1

|k| dξ −
∫
γt2

|k| dξ = 2
∫ t2

t1

∑
{p∈γt | k(p)=0}

|kξ(p)| dt .

If now we apply Hamilton’s procedure, calling γns the rescaled curves at step n
with curvatures kn and denoting by Kn → +∞ the rescaling factor, we have for
every interval (a, b) ⊂ R,

2
∫ b

a

∑
{p∈γns | kn(p)=0}

|∂ξkn| ds =
∫
γna

|kn| dξ −
∫
γnb

|kn| dξ (4.3.1)

=
∫
γ a
Kn

+tn

|k| dξ −
∫
γ b
Kn

+tn

|k| dξ ,

since
∫
γt
|k| dξ is scaling invariant and where, by simplicity, we used ξ also for the

arclength of the rescaled curves.
It is easy to see that the integral

∫ b
a

∑
{p∈γs | k(p)=0} |kξ | ds is lower semicon-

tinuous under the smooth local convergence of curves, hence

∫ b

a

∑
{p∈γ∞

s | k∞(p)=0}
|∂ξk∞| ds ≤ lim

n→∞

∫ b

a

∑
{p∈γns | kn(p)=0}

|∂ξkn| ds

= lim
n→∞

(∫
γ a
Kn

+tn

|k| dξ −
∫
γ b
Kn

+tn

|k| dξ
)

=0

for the limit flow γ∞s , as both a
Kn

+ tn and b
Kn

+ tn converge to T , hence both
integrals in equation (4.3.1) converge to L. As a and b were arbitrary, we conclude
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for almost every s ∈ R, ∑
{p∈γ∞

s | k∞(p)=0}
|∂ξk∞(p)| = 0 ,

that is, ∂ξk∞ is zero at every point in space and time where k∞ is zero.
Again by means of Proposition 4.3.1, fixing s ∈ R and choosing any small r > s,
the zero points of the curvature vanish for the curve γ∞r , hence k∞ > 0 on γ∞r for
every r > s, as it is a condition which is preserved under the flow. Since we can
draw this conclusion for almost every s ∈ R, at every time the flow γ∞s consists of
curves such that k∞ is never zero.
Hence, we have the following one-dimensional analogue of Proposition 4.2.3.

Proposition 4.3.2. The limit flow γ∞s obtained by Hamilton’s procedure at a type
II singularity of the evolution by curvature of any initial closed curve, consists of
curves such that k∞ is never zero, in particular if the initial curve was embedded
all such curves are strictly convex.

Remark 4.3.3. We underline that we did not assume that the initial curve was
embedded. The above conclusion holds for the flow of any immersed closed curve
in the plane (like the results of the previous section holding for general immersed-
only hypersurfaces).

4.4 Hamilton’s Harnack Estimate for
Mean Curvature Flow

We have seen in the previous two sections that if a closed curve or a compact hy-
persurface with H ≥ 0 develops a type II singularity, then the limit of the rescaled
flows by the “modified” Hamilton’s procedure is an eternal mean curvature flow
of convex, complete, hypersurfaces such that H takes its maximum in space and
time at some point. We want now to see that this implies that such limit flow
is translating, which is obtained by means of the following two deep results of
Hamilton in [62].

Theorem 4.4.1 (Harnack Estimate for Mean Curvature Flow). Let ϕ : M ×
(T0, T ) → Rn+1 be the mean curvature flow of a complete, convex hypersurface
with bounded second fundamental form at every time.
Let X be a time-dependent, smooth tangent vector field on M . Then the following
inequality holds,

∂H
∂t

+
H

2(t− T0)
+ 2〈∇H |X〉 + hijX

iXj ≥ 0

for every t ∈ (T0, T ).
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Theorem 4.4.2. Let ϕ : M × (−∞, T ) → Rn+1 be an ancient mean curvature flow
of a complete, strictly convex hypersurface with bounded second fundamental form
at every time and such that H takes its maximum in space and time. Then, ϕ is a
translating flow.

The proofs of these two theorems involve some smart and heavy computations
with a strong use of the maximum principle; we show the complete proof only in the
one-dimensional and compact case, referring the reader to the original paper [62]
(see also [57]).

Proof of Theorem 4.4.1 –One-dimensional Compact Case. As the evolving curves
are compact, the curvature k and all its derivatives are bounded in (C, T − ε),
for every ε > 0 and C ∈ (T0, T − ε). Moreover, by Proposition 2.4.1, in the same
interval, k > k0 > 0 for some positive constant k0.
Since any tangent vector field X can be written as X = λτ for some function
λ : S1 × (T0, T ) → R, we define the Hamilton quadratic

Z(λ) = ∂tk +
k

2(t− C)
+ 2λks + kλ2 = kss + k3 +

k

2(t− C)
+ 2λks + kλ2

which is clearly bounded from below by

Z = kss + k3 − k2
s/k +

k

2(t− C)
.

We also define

W = kss + k3 − k2
s/k

and we start computing the evolution equation for this latter quantity by means
of the evolution equations in Remark 2.3.2,

(∂t − ∂ss)W = ∂tkss −
2ks∂tks

k
+
k2
skt
k2

+ 3k2kt − kssss +
2ksksss
k

+
2k2
ss

k

− 5k2
skss
k2

+
2k4
s

k3
− 6kk2

s − 3k2kss

= ∂s∂tks + k2kss −
2ks∂skt

k
− 2kk2

s +
k2
skss
k2

+ kk2
s + 3k2kss + 3k5

− kssss +
2ksksss

k
+

2k2
ss

k
− 5k2

skss
k2

+
2k4
s

k3
− 6kk2

s − 3k2kss

= ∂ss(kss + k3) + 2k2kss − 5kk2
s −

2ks∂s(kss + k3)
k

+
k2
skss
k2

+ 3k5 − kssss +
2ksksss

k
+

2k2
ss

k
− 5k2

skss
k2

+
2k4
s

k3
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= kssss + 5k2kss − 5kk2
s −

2ksksss
k

− 4k2
skss
k2

+ 3k5 − kssss +
2ksksss

k
+

2k2
ss

k
+

2k4
s

k3

= − 5kk2
s + 3k5 +

2k4
s

k3
+ 5k2kss +

2k2
ss

k
− 4k2

skss
k2

.

As kss = (W + k2
s/k − k3), substituting we get

(∂t − ∂ss)W = − 5kk2
s + 3k5 +

2k4
s

k3
(4.4.1)

+ 5k2(W + k2
s/k − k3)

+
2(W + k2

s/k − k3)2

k
− 4k2

s(W + k2
s/k − k3)

k2

= − 5kk2
s + 3k5 +

2k4
s

k3

+ 5k2W + 5kk2
s − 5k5

+
2W 2

k
+

2k4
s

k3
+ 2k5 +

4Wk2
s

k2
− 4Wk2 − 4kk2

s

− 4k2
s(W + k2

s/k − k3)
k2

=
2W 2

k
+Wk2 .

We notice that, since k > k0 > 0, by the maximum principle if W is positive at
some time it remains positive.
As Z = W + k/(2(t− C)), we then get

(∂t − ∂ss)Z = (∂t − ∂ss)W +
k3

2(t− C)
− k

2(t− C)2

=
2W 2

k
+Wk2 +

k3

2(t− C)
− k

2(t− C)2

=
2(Z − k/(2(t− C)))2 + k3(Z − k/(2(t− C)))

k
+

k3

2(t− C)
− k

2(t− C)2

=
2Z2 + k2/(2(t− C)2) − 2Zk/(t− C)

k
+
k3Z − k4/(2(t− C))

k

+
k3

2(t− C)
− k

2(t− C)2

=
2Z2

k
− 2Z
t− C

+ k2Z .

As k > k0 > 0 the term k/(2(t−C)) diverges as t→ C+ and W is bounded from
below, then we have that Z goes uniformly to +∞ as t→ C+. Hence, Z is positive
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in S1 × (C,C + δ) for some δ > 0 and by the maximum principle it cannot be zero
on γt for every t ∈ (C, T − ε).
As Z(λ) ≥ Z > 0 for every function λ : M × (T0, T ) → R, sending ε → 0 and
C → T0 we have the thesis of the theorem. �
Remark 4.4.3. When the curves γt are not compact there are two nontrivial tech-
nical points to take care of: the possible nonexistence of the minimum in space of
Z( · , t) and the fact that it is not granted that limt→C+ infγt Z( · , t) = +∞, as k
could go to zero at infinity (possibly, a value k0 > 0 such that k > k0 uniformly
does not exist). This requires a perturbation of Z in space with a function grow-
ing enough at infinity and the addition to Z of another function assuring that the
resulting term uniformly diverges as t→ C+ (see [57, 62] for the details).
Remark 4.4.4. The higher complexity of the proof in dimension larger than one is
essentially due to the fact that the minimum of the quadratic

Z(X) =
∂H
∂t

+
H

2(t− C)
+ 2〈∇H |X〉 + hijX

iXj ,

which is given by

Z =
∂H
∂t

+
H

2(t− C)
− (A−1)pq∇pH∇qH ,

is clearly more difficult to deal with than in the one-dimensional case (here (A−1)pq

denotes the inverse matrix of the second fundamental form hij , that is

(A−1)pqhqr = δpr ).

Anyway, after a quite long computation one can see that

∂Z

∂t
− ∆Z = 2gij(A−1)klJikJjl +

(
|A|2 − 2

t− C

)
Z ≥

(
|A|2 − 2

t− C

)
Z

where
Jik = ∇2

ikH + Hh2
ik − (A−1)pq∇pH∇qhik +

hik
2(t− C)

,

see [27, Chapter 15].
Actually, another possibility is to keep the vector field X generic and to compute
the evolution equation for Z(X), as in the original proof of Hamilton.

Proof of Theorem 4.4.2 – One-dimensional Compact Case. Suppose that we have
an ancient curvature flow γt of closed curves in the plane with k > 0. By Theo-
rem 4.4.1 we have

Z = ∂tk − k2
s/k + k/(t− T0) ≥ 0

at every point and for every t, T0 ∈ R with T0 < t < T . Sending T0 → −∞ we get

W = ∂tk − k2
s/k ≥ 0 .
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Since we computed in equation (4.4.1) that

(∂t − ∂ss)W =
2W 2

k
+Wk2 ,

if W is zero at some point in space and time, it must be zero everywhere by the
maximum principle. By hypothesis k takes a maximum at some point in space and
time, hence at such a point kt = ks = 0 which implies W = 0.
Thus, kt = k2

s/k for all the curves of flow, or equivalently kss + k3 − k2
s/k = 0.

If we set v = −(ks/k)τ + kν as a vector field in R2 along γt, obviously 〈v | ν〉 = k,
then

∂sv = − (kss/k − k2
s/k

2)τ − (ks/k)kν + ksν − k2τ

= − (−k2 + k2
s/k

2 − k2
s/k

2)τ − k2τ = 0

and

∂tv =(−kts/k + kskt/k
2 − kks)τ + (−k2

s/k + kt)ν

=(−kst/k − kks + k3
s/k

3 − kks)τ

=(−[∂s(k2
s/k)]/k + k3

s/k
3 − 2kks)τ

=(−2kskss/k2 + 2k2
s/k

3 − 2kks)τ

= − 2
ks
k

(kss − k2
s/k + k3)τ = 0 .

Hence, as the curves of the limit flow are connected, v is a vector field along γt
constant in space and time.
As k = 〈v | ν〉, we have that γt moves by translation under the mean curvature
flow. �

Then, putting together Propositions 4.2.3, 4.2.7, 4.3.2 and Theorem 4.4.2,
we have the following results.

Theorem 4.4.5. The blow-up limit flow obtained by Hamilton’s modified procedure
at a type II singularity of the motion of a initial hypersurface with H ≥ 0 is a
translating mean curvature flow of complete, nonflat, convex hypersurfaces with
bounded curvature and its covariant derivatives.
If any of the convex hypersurfaces of the limit flow is not strictly convex, then the
limit flow splits as the product of an m-dimensional strictly convex, translating
flow as above and Rn−m.

Theorem 4.4.6. The blow-up limit flow obtained by Hamilton’s procedure at a type
II singularity of the motion of a closed curve in the plane is a translating cur-
vature flow of complete, nonflat curves with bounded curvature and its covariant
derivatives. Moreover, for all the curves, k > 0.
Hence, this flow is given (up to rigid motions) by the grim reaper (see Section 1.4).
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Remark 4.4.7. For curves in the plane, possibly with self-intersections, such that
the initial curvature is never zero, this result was obtained via a different method
by Angenent [15] (see also [3]), studying directly the parabolic equation satisfied
by the curvature function.

In [122], White was able to exclude the possibility of getting as a blow-up
limit the product of a grim reaper with Rn−1, when n ≥ 2.

In dimension two, by this result of White and the analysis of Wang [119],
the only possible blow-up limit flow is given (up to a rigid motion) by the unique
rotationally symmetric, translating hypersurface which is the graph of an entire,
strictly convex function described by the ODE (1.4.1), in Section 1.4.

In general, without assuming the condition H ≥ 0, one could conjecture that
blow-up limits like the minimal catenoid surface M in R3 given by

Ω =
{
(x, y) ∈ R

2 × R | cosh |y| = |x|
}

cannot appear. See White [122], Ecker [36] and the recent paper by Sheng and
Wang [103] for more details.

4.5 Embedded Closed Curves in the Plane

In the special case of the evolution of an embedded closed curve in the plane, it
is possible to exclude at all type II singularities. This, together with the case of
convex, compact, hypersurfaces (as we have seen in the proof of Theorem 3.4.10)
are the only known cases in which this can be done in general.

By Theorem 4.4.6 and embeddedness, any blow-up limit must be a unit
multiplicity grim reaper. We apply now a very geometric argument by Huisken
in [70] in order to exclude also such a possibility (see also [63] for another similar
quantity).

Given the smooth flow γt of an initial embedded closed curve in some interval
[0, T ), we know that the curve stays embedded during the flow so we can see every
γt as a subset of R

2. At every time t ∈ [0, T ), for every pair of points p and q in γt
we define dt(p, q) to be the geodesic distance in γt of p and q, |p− q| the standard
distance in R2 and Lt the length of γt.
We consider the function Φt : γt × γt → R defined as

Φt(p, q) =

{
π|p−q|
Lt

/ sin πdt(p,q)
Lt

if p �= q,
1 if p = q ,

which is a perturbation of the quotient between the extrinsic and the intrinsic
distance of a pair of points on γt.
Since γt is smooth and embedded at every time, the function Φt is well defined and
positive. Moreover, it is easy to check that, even if dt is not C1 at the pairs of points
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such that dt(p, q) = Lt/2, the function Φt is C2 in the open set {p �= q} ⊂ γt × γt
and continuous on γt × γt.
By compactness, the following minimum exists,

E(t) = min
p,q∈γt

Φt(p, q) .

We call this quantity Huisken’s embeddedness ratio.
Since the evolution is smooth it is easy to see that the function E : [0, T ) → R is
continuous.

Remark 4.5.1. The quantity E can be defined also for nonembedded closed curves,
but in such case E = 0; indeed its positivity is equivalent to embeddedness.

Lemma 4.5.2 (Huisken [70]). The function E(t) is monotone increasing in every
time interval where E(t) < 1.

Proof. We start differentiating in time Φt(p, q),

d

dt
Φt(p, q)

=
π

Lt

〈p− q | k(p)ν(p) − k(q)ν(q)〉
|p− q|

/
sin

πdt(p, q)
Lt

+
(
π|p− q|
L2
t

∫
γt

k2 ds

)/
sin

πdt(p, q)
Lt

− π2|p− q|
L2
t

cos
πdt(p, q)

Lt

(
dt(p, q)
Lt

∫
γt

k2 ds−
∫ p

q

k2 ds

)/
sin2 πdt(p, q)

Lt

=
[
〈p− q | k(p)ν(p) − k(q)ν(q)〉

|p− q|2 +
1
Lt

∫
γt

k2 ds

− π

Lt
cot

πdt(p, q)
Lt

(
dt(p, q)
Lt

∫
γt

k2 ds−
∫ p

q

k2 ds

)]
Φt(p, q)

=
[
〈p− q | k(p)ν(p) − k(q)ν(q)〉

|p− q|2 +
1
Lt

(
1 − πdt(p, q)

Lt
cot

πdt(p, q)
Lt

)∫
γt

k2 ds

+
π

Lt
cot

πdt(p, q)
Lt

∫ p

q

k2 ds

]
Φt(p, q)

where s is the arclength and k the curvature of γt. It is easy to see that since the
function E is the minimum of a family of uniformly locally Lipschitz functions,
it is also locally Lipschitz, hence differentiable almost everywhere. Then, to prove
the statement it is enough to show that dE(t)

dt
> 0 for every time t such that this

derivative exists. We will do that as usual, by Hamilton’s trick (Lemma 2.1.3).
Let (p, q) be a minimizing pair at a differentiability time t and suppose that E(t) <
1. By the very definition of Φt, it must be p �= q.
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We set α = πdt(p, q)/Lt and notice that α cotα < 1 as α ∈ (0, π/2]. Moreover,∫
γt
k2 ds ≥

(∫
γt
k ds

)2

/Lt ≥ 4π2/Lt. Then, we have

d

dt
E(t)≥

[
〈p−q |k(p)ν(p)−k(q)ν(q)〉

|p−q|2 +
4π2

L2
t

(1−αcotα)+
π

Lt
cotα

∫ p

q

k2ds

]
E(t)

that is,

d

dt
logE(t) ≥ 〈p− q | k(p)ν(p) − k(q)ν(q)〉

|p− q|2 +
4π2

L2
t

(1−α cotα)+
π

Lt
cotα

∫ p

q

k2 ds ,

(4.5.1)
for any minimizing pair (p, q).
Assume that the curve is parametrized counterclockwise by arclength and that p
and q are as shown in Figure 2.

Figure 2.

We set p(s) = γt(s1 + s) with p = γt(s1), then, by minimality we have

0 =
d

ds
Φt(p(s), q)

∣∣∣∣
s=0

=
π

Lt

〈p− q | τ(p)〉
|p− q| sin πdt(p,q)

Lt

− π|p− q|
Lt sin2 πdt(p,q)

Lt

·
π cos πdt(p,q)

Lt

Lt

where we have denoted by τ(p) the oriented unit tangent vector to γt at p.
By this equality we get

cosβ(p) =
〈p− q | τ(p)〉

|p− q| =
π|p− q|

Lt sin
πdt(p,q)
Lt

cos
πdt(p, q)

Lt
= E(t) cosα

where β(p) ∈ [0, π/2] is the angle between the vectors p− q and τ(p).
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Repeating this argument for the point q we get

cosβ(q) = −E(t) cosα

where, as before, β(q) is the angle between q − p and τ(q), see Figure 2. Clearly,
it follows that β(p) + β(q) = π.
Notice that if one of the intersections of the segment [p, q] with the curve is tan-
gential, we would have E(t) cosα = 1 which is impossible as we assumed that
E(t) < 1. Moreover, by the relation cosβ(p) = E(t) cosα < cosα it follows that
β(p) > α.

We look now at the second variation of Φt at the same minimizing pair of
points (p, q). With the same notation, if p = γt(s1) and q = γt(s2) we set p(s) =
γt(s1 + s) and q(s) = γt(s2 − s). After a straightforward computation, one gets

0 ≤ d2

ds2
Φt(p(s), q(s))

∣∣∣∣
s=0

=
π

Lt

(
〈p− q | k(p)ν(p) − k(q)ν(q)〉

|p− q| +
4π2|p− q|

L2
t

)/
sin

πdt(p, q)
Lt

=
[
〈p− q | k(p)ν(p) − k(q)ν(q)〉

|p− q|2 +
4π2

L2
t

]
E(t) .

Hence, getting back to inequality (4.5.1) we have

d

dt
logE(t) ≥ 〈p− q | k(p)ν(p) − k(q)ν(q)〉

|p− q|2 +
4π2

L2
t

(1 − α cotα) +
π

Lt
cotα

∫ p

q

k2 ds

≥ − 4π2

L2
t

α cotα+
π

Lt
cotα

∫ p

q

k2 ds

=
π cotα
Lt

(∫ p

q

k2 ds− 4π
Lt
α

)
,

so it remains to show that this last expression is positive. As∫ q

p

k2 ds ≥
(∫ q

p

k ds

)2

/dt(p, q)

and noticing that
∫ q
p
k ds is the angle between the tangent vectors τ(p) and τ(q)

we have
(∫ q

p
k ds

)2

= 4β(p)2 < 4α2, as we concluded before.

Thus,

d

dt
logE(t) ≥ π cotα

Lt

(∫ p

q

k2 ds − 4π
Lt
α

)

>
π cotα
Lt

(
4α2

dt(p, q)
− 4π
Lt
α

)
= 0

recalling that α = πdt(p, q)/Lt. �
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Remark 4.5.3. By its definition and Lemma 4.5.2, the function E is always nonde-
creasing. Actually, to be more precise, by means of a simple geometric argument
it can be proved that if E(t) = 1 the curve γt must be a circle. Hence, in any other
case E is strictly increasing in time.

An immediate consequence is that for every initial embedded, closed curve
in R2, there exists a positive constant C, depending on the initial curve, such that
on all [0, T ) we have E(t) ≥ C. The same conclusion holds for any rescaling of
such curves as the function E is scaling invariant by construction.
Remark 4.5.4. This lemma also provides an alternative proof of the fact that
an initial embedded, closed curve stays embedded. Indeed, it cannot develop a
self-intersection during its curvature flow, otherwise E would go to zero.

We can then exclude type II singularities in the curvature flow of embedded
closed curves.
Any blow-up limit flow γ∞ is given (up to rigid motions) by a grim reaper,
that is, the translating graph Γ of the function y = − log cosx in the inter-
val (−π/2, π/2). Assuming that γ∞0 = Γ, we consider the following four points:
p1 = (−x1,− log cosx1), q1 = (x1,− log cosx1), p2 = (−x2,− log cosx2) and q2 =
(x2,− log cosx2) belonging to Γ, for 0 < x1 < x2 < π/2 such that − log cosx2 >
π/2 − 3 log cosx1.

As the rescaled curves γk0 converge locally in C1 to Γ, for any ε > 0 such
that x2 + ε < π/2 and k is large enough, the curve γk0 will be C1-close to Γ in
the open rectangle Rε = (−x2 − ε, x2 + ε) × (−ε,− log cosx2 + ε), hence there
will be a pair of points (p, q) ∈ γk0 arbitrarily close to (p1, q1) and another pair
(p̃, q̃) ∈ γk0 arbitrarily close to (p2, q2). As k → ∞, the geodesic distance dγk0 (p, q)
on the closed curve γk0 between p and q is definitely given by the length of the
part of the curve which is close to the vertex of Γ. Indeed, this latter is smaller
than π − 2 log cosx1, when k is large enough, instead the other part of the curve
has a length which is at least the sum of the Euclidean distances |p̃− p| + |q̃ − q|
which is definitely larger than 2(log cosx1 − log cosx2) and this last quantity is
larger than π − 4 log cosx1, by construction.

Hence, when k is large enough, the Huisken’s embeddedness ratio for the
rescaled curve γk0 is not larger than

π|p− q|
L

/
sin

πdγk0 (p, q)

L
≤ π(π + 2ε)

L

/
sin

πdγk0 (p, q)

L

≤ π(π + 2ε)
L

/ 2dγk0 (p, q)

L

=
π(π + 2ε)
2dγk0 (p, q)

≤ π2

dγk0 (p, q)
,

where L is the total length of the curve γk0 and we used the inequality sin x ≥ 2x/π
holding for every x ∈ [0, π/2].
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Finally, again by the C1-convergence of γk0 to Γ in Rε, we can also assume that
dγk0 (p, q) is larger than − log cosx1.

Now we consider a sequence of pairs xi1 < xi2 as above such that xi1 → π/2,
then we have a sequence of rescaled curves γki0 such that the associated Huisken’s
embeddedness ratio tends to zero, as d

γ
ki
0

(p, q) → +∞ when i→ ∞.

This is in contradiction with the fact that the function E is scaling invariant and
uniformly bounded from below by some positive constant C for all the curves of
the flow.
As this argument does not change if we apply to Γ any rigid motion, in presence
of a type II singularity in the embedded case, we would have a contradiction with
the conclusion of Theorem 4.4.6.

Theorem 4.5.5. Type II singularities cannot develop during the curvature flow of
an embedded, closed curve in R2.

Collecting together Theorem 3.5.1 about type I singularities and this last
proposition, we obtain Theorem 3.4.9 by Gage and Hamilton and the following
theorem due to Grayson [51], whose original proof is more geometric and direct,
showing that the intervals of negative curvature vanish in finite time before any
singularity. We underline that the success of the line of proof we followed is due to
the bound from below on Huisken’s embeddedness ratio implied by Lemma 4.5.2.
Modifying a little such a quantity, Andrews and Bryan [12] were even able to give a
simple and direct proof without passing through the classification of singularities.

Theorem 4.5.6 (Grayson’s Theorem). Let γt be the curvature flow of a closed,
embedded, smooth curve in the plane, in the maximal interval of smooth existence
[0, T ).
Then, there exists a time τ < T such that γτ is convex.
As a consequence, the result of Gage and Hamilton Theorem 3.4.9 applies and
subsequently the curve shrinks smoothly to a point as t→ T .

Remark 4.5.7. This result, extended by Grayson to curves moving inside gen-
eral surfaces, allowed him to have a proof of the three geodesics theorem on the
sphere [53] (first outlined by Lusternik and Schnirelman in [89]).

We add a final remark in this case of embedded closed curves.
Letting A(t) be the area enclosed by γt which moves by curvature, we have

d

dt
A(t) = −

∫
γt

k ds = −2π ,

hence, as the evolution is smooth till the curve shrinks to a point at time T > 0
and clearly A(t) goes to zero, we have A(0) = 2πT . That is, the maximal time of
existence is exactly equal to the initially enclosed area divided by 2π.
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4.5.1 An Alternative Proof of Grayson’s Theorem

Ideas and techniques are related to the unpublished work of Ilmanen [79].
In the special case of embedded curves in the plane, one can avoid the use

of Hamilton’s Harnack inequality in order to deal with type II singularities. By
means of Huisken’s monotonicity formula we can produce a homothetic blow-up
limit also in the type II case.

As underlined in Remark 3.2.23, White’s Theorem 3.2.22 holds in general,
without assuming any blow-up rate on the curvature, hence at a singularity time
T > 0 we have that Σ > 1 (recall Definition 3.2.3). Moreover, the estimates in
Lemma 3.2.7 are also independent of the type I hypothesis.
Then, rescaling the curves around the moving points xt as in Remark 3.3.9, we
have

σ(0) − Σ =
∫ +∞

− 1
2 logT

∫
γr

e−
|y|2
2

∣∣∣k̃ + 〈y | ν̃〉
∣∣∣2 ds dr < +∞ .

Clearly, since we are not assuming the type I hypothesis the curvatures k̃ of the
rescaled curves γ̃r are not bounded, but by this formula it follows that for every
family of disjoint intervals (ai, bi) ⊂ [− 1

2 logT,+∞) such that
∑
i∈N

(bi−ai) = +∞
we can find a sequence ri ∈ (ai, bi) such that ri ↗ +∞,

lim
i→∞

1√
2π

∫
γ̃ri

e−
|y|2
2

∣∣∣k̃ + 〈y | ν̃〉
∣∣∣2 ds = 0

and
lim
i→∞

1√
2π

∫
γ̃ri

e−
|y|2
2 ds = lim

i→∞
σ(t(ri)) = Σ . (4.5.2)

By the estimate (3.2.6) on the local length, it follows that the sequence of curves γ̃ri
has curvatures locally equibounded in L2. Hence, we can extract a subsequence
which converges in C1

loc
to a limit curve γ̃∞. Such a limit curve satisfies k̃ +

〈x | ν̃〉 = 0, as the integral
∫
γ̃
e−

|y|2
2

∣∣∣k̃ + 〈y | ν̃〉
∣∣∣2 ds is lower semicontinuous under

C1
loc

-convergence. Moreover, by a bootstrap argument γ̃∞ is smooth.
By the energy argument in the proof of Proposition 3.4.1 and the length estimate
in Lemma 3.2.7, this limit curve is either a line (with possible integer multiplicity)
or it is bounded, hence closed and the convergence is actually in C1. As the
initial curve was embedded, the Huisken’s embeddedness ratio E is uniformly
bounded from below on the sequence of rescaled curves, this implies that also γ̃∞ is
embedded. Indeed, if it has self-intersections or multiplicities the quantity E must
approach zero, in the case of a closed limit curve because of the C1-convergence,
in the case that the limit curve is a line, by means of the same argument used to
exclude the grim reaper in the proof of Theorem 4.5.5.
Hence, by the classification theorem Proposition 3.4.1 we conclude that there are
only two possibilities for γ̃∞, either a line through the origin of R2 or the unit
circle, both with unit multiplicity.
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Since the second point of Lemma 3.2.7 implies that

lim
i→∞

1√
2π

∫
γ̃ri

e−
|y|2
2 ds =

1√
2π

∫
γ̃∞

e−
|y|2
2 ds ,

and the first limit is equal to Σ > 1 by equation (4.5.2), we conclude that γ̃∞ is
the unit circle. Moreover, the curvatures of the converging sequence of curves are
equibounded in L2 (not only locally).

Fixing i ∈ N and letting ρ = r − ri < 1, as r = − 1
2 log 2(T − t), recalling the

formulas in Remark 2.3.2 we compute the evolution of the following quantity:

d

dr

∫
γ̃r

(k̃2 + ρk̃2
s) ds

= 2(T − t)
d

dt

∫
γt

√
2(T − t) k2 ds+

∫
γ̃r

k̃2
s ds

+ 2(T − t)ρ
d

dt

∫
γt

(
√

2(T − t))3 k2
s ds

= −
√

2(T − t)
∫
γt

k2 ds+ (
√

2(T − t))3
∫
γt

(2kkss + k4) ds

+
∫
γ̃r

k̃2
s ds− 3(

√
2(T − t))

3
ρ

∫
γt

k2
s ds

+ (
√

2(T − t))
5
ρ

∫
γt

(2ksksss + 7k2k2
s) ds

=
∫
γ̃r

[
−k̃2 + 2k̃k̃ss + k̃4 + k̃2

s − 3ρk̃2
s + 2ρk̃sk̃sss + 7ρk̃2k̃2

s

]
ds ,

where we used the formula ∂tks = ∂s∂tk + k2ks = ksss + 4k2ks.
By integration by parts and Peter–Paul inequality, we have∫

γ̃r

k̃2k̃2
s ds =

1
3

∫
γ̃r

∂s(k̃3)k̃s ds = −1
3

∫
γ̃r

k̃3k̃ss ds ≤
1
6

∫
γ̃r

k̃6 + k̃2
ss ds

and

d

dr

∫
γ̃r

(k̃2 + ρk̃2
s) ds ≤

∫
γ̃r

[
−k̃2

s + k̃4 − k̃2 − 3ρk̃2
s − 2ρk̃2

ss + 7ρ(k̃6 + k̃2
ss)/6

]
ds

≤
∫
γ̃r

(−k̃2
s + k̃4 + 3ρk̃6) ds .

Now, the following interpolation inequalities for any closed curve in the plane of
length L (see Aubin [20, page 93])

‖k̃‖4
L4 ≤ C‖k̃s‖L2‖k̃‖3

L2 +
C

L
‖k̃‖4

L2 and ‖k̃‖6
L6 ≤ C‖k̃s‖2

L2‖k̃‖4
L2 +

C

L2
‖k̃‖6

L2
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imply, by means of Young inequality,∫
γ̃r

k̃4 ds ≤ 1
2

∫
γ̃r

k̃2
s ds+

1
2

(∫
γ̃r

k̃2 ds
)3

+
(∫

γ̃r

k̃2 ds
)3

+
C

L3(γ̃r)

and

3ρ
∫
γ̃r

k̃6 ds ≤
(
ρ

∫
γ̃r

k̃2
s ds

)3

+ 2
(∫

γ̃r

k̃2 ds
)3

+
C

L2(γ̃r)

(∫
γ̃r

k̃2 ds
)3

.

Hence, as we know that L(γ̃r) ≥
∫
γ̃r
e−

|y|2
2 ds ≥

√
2π and ρ < 1, we conclude that

d

dr

∫
γ̃r

(k̃2 + ρk̃2
s) ds ≤

∫
γ̃r

(−k̃2
s + k̃2

s/2) ds+ C
(∫

γ̃r

k̃2 ds
)3

+ C

+
(
ρ

∫
γ̃r

k̃2
s ds

)3

+ C
(∫

γ̃r

k̃2 ds
)3

≤C
(∫

γ̃r

k̃2 ds
)3

+
(
ρ

∫
γ̃r

k̃2
s ds

)3

+ C

≤C
(∫

γ̃r

(k̃2 + ρk̃2
s) ds

)3

+ C ,

for a constant C independent of r ≥ ri and i ∈ N.
Integrating this differential inequality for the quantity Qi(r) =

∫
γ̃r

(k̃2 + (r −
ri)k̃2

s) ds in the interval [ri, ri+2δ] it is easy to see that if δ > 0 is small enough, we
have Qi(r) ≤ C(δ,Qi(ri)) = C

(
δ,
∫
γ̃ri

k̃2 ds
)

= C(δ), for every r ∈ [ri, ri + 2δ], as

the curves γ̃ri have uniformly bounded curvature in L2. Hence, if r ∈ [ri+δ, ri+2δ]
we have the estimates∫

γ̃r

(k̃2 + δk̃2
s) ds ≤

∫
γ̃r

(k̃2 + (r − ri)k̃2
s) ds ≤ C(δ)

which imply ∫
γ̃r

k̃2
s ds ≤

C(δ)
δ

,

for every r ∈ [ri + δ, ri + 2δ] and a constant C(δ) independent of i ∈ N.
We can now find as before a sequence of values qi ∈ [ri + δ, ri + 2δ] such that

lim
i→∞

1√
2π

∫
γ̃qi

e−
|y|2
2

∣∣∣k̃ + 〈y | ν̃〉
∣∣∣2 ds = 0

and
lim
i→∞

1√
2π

∫
γ̃qi

e−
|y|2
2 ds = lim

i→∞
σ(t(qi)) = Σ > 1 .
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As this new sequence of rescaled curves γ̃qi also satisfies the length estimate (3.2.6)
and has k̃ and k̃s uniformly bounded in L2, we can extract a subsequence (not
relabelled) that converges in C2 to a limit curve which is again the unit circle.
Then, definitely the curves γ̃qi have positive curvature, hence they are convex.
This means that the same holds for γt at some time t ∈ [0, T ), which is Grayson’s
result.
Remark 4.5.8. Pushing this analysis a little forward, one can actually prove along
the same lines also the C∞-convergence of the full sequence of the rescaled curves
to the unit circle, as proved by Gage and Hamilton in [46, 47, 48].
Remark 4.5.9. Actually, the C1

loc
-convergence to a line in the case Σ = 1 allows the

possibility of avoiding the application of White’s theorem. Indeed, the boundedness
of the curvature around every x0 ∈ S the follows also by the interior estimates of
Ecker and Huisken.

Another way to conclude without White’s theorem is to apply the arguments
of this section in getting the blow-up limits around fixed points and showing, as
under the type 1 hypothesis, that there must be at least one point x0 ∈ S such
that a subsequence of the rescalings of the evolving curve around x0 converge to
a circle.

We remark that the interesting point of this line in proving Grayson’s theorem
is the fact that we did not distinguish between type I and type II singularities.
Indeed, the curvature of the rescaled curves could be unbounded, but the control
in L2

loc
implies the C1

loc
-convergence which is sufficient to obtain the smoothness of

the limit curve. In higher dimension the uniform control of the mean curvature in
L2

loc
is not strong enough to give the C1

loc
-convergence of a subsequence of rescaled

hypersurfaces, hence, it is difficult to pursue this “unitary” line of analysis in order
to get smooth homothetic blow-up limits also for type II singularities.
It is anyway possible to produce a “homothetic” blow-up limit introducing weak
definitions of hypersurfaces (varifolds, currents, see [79]); the difficulty is then to
show the regularity and the embeddedness of such a limit.
Some very interesting unpublished results in this direction were obtained by Ilma-
nen in dimension two [79] (which is, in some sense, the critical case), in particular,
assuming the mean convexity of the surfaces, it can be shown that the convergence
and the blow-up limits are smooth.

All this discussion underlines the variational nature of the arguments (in
particular, the monotonicity formula) in the analysis of type I singularities, against
the nonvariational point of view (substantially based on the maximum principle)
in dealing with type II ones.



Chapter 5

Conclusions and Research Directions

From the material of the previous chapters, the analysis of singularity formation
and the classification of their asymptotic shape is almost complete for some classes
of hypersurfaces. For others it seems difficult and quite far off. We collect here some
known facts and we discuss some research directions and related problems.

5.1 Curves in the Plane

5.1.1 Embedded Curves

A closed, smooth and embedded curve in the plane evolves, remaining embedded,
without developing any singularity till it becomes convex. Then it shrinks smoothly
to a point in finite time, becoming asymptotically (exponentially fast) round.

Gage, Hamilton, Grayson [46, 47, 48, 51].

5.1.2 General Curves

A closed, smooth curve immersed in the plane at a type I singularity has a blow-
up limit which is a finite superposition of lines, S1 and Abresch–Langer curves,
possibly with multiplicities larger than one.
In the case that the blow-up limit is compact, the curve shrinks to a point at the
singular time.
If the singularity is of type II, the only possible blow-up limit arising from the
Hamilton’s procedure is the grim reaper (possibly with multiplicity larger
than one).

Abresch & Langer, Angenent, Altschuler, Grayson, Hamilton, Huisken, Stone [1,
3, 5, 14, 15, 16, 51, 62, 67, 115].
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5.2 Hypersurfaces

5.2.1 Entire Graphs

The graph of a locally Lipschitz, entire function u : Rn → R has a smooth, global
mean curvature flow, remaining a graph, for every positive time.

Ecker & Huisken [37, 38].

5.2.2 Convex Hypersurfaces

A compact, smooth and convex initial hypersurface becomes immediately strictly
convex and shrinks smoothly to a point in finite time, becoming asymptotically
(exponentially fast) round.

Huisken [65].

5.2.3 Embedded Mean Convex Hypersurfaces

A compact, smooth, embedded, n-dimensional initial hypersurface with H ≥ 0
evolves remaining embedded and becomes immediately strictly mean convex.
If we have a type I singularity we can produce a blow-up limit which is one among
S
m × R

n−m for m ∈ {1, . . . , n}.
If the singularity is of type II, the only possible blow-up limits arising by Hamil-
ton’s (modified) procedure are the products of an m-dimensional, strictly convex,
translating mean curvature flow with bounded curvature, with a factor Rn−m, for
m ∈ {2, . . . , n}.
Notice that the grim reaper times Rn−1 cannot be among the possible blow-up
limits (White [122]).

Hamilton, Huisken, Sinestrari, Stone, White [62, 67, 73, 74, 115, 122, 123].

5.2.4 Two-Convex Hypersurfaces

The class of two-convex hypersurfaces stays in the middle between the classes of
mean convex and convex ones. We recall that M ⊂ Rn+1 is (weakly) two-convex
if the sum of the two smallest eigenvalues of the second fundamental form is
nonnegative at every point (in particular this implies H ≥ 0). In dimension two
this class clearly coincides with the class of the mean convex surfaces.
This condition, for a smooth, compact, initial hypersurface, is preserved under
the mean curvature flow as we saw in Proposition 2.5.10 and actually after some
arbitrarily small positive time, there exists a constant α > 0 such that λ1+λ2 ≥ αH
at every point of M and for every positive time (here λ1 ≤ λ2 · · · ≤ λn are the
eigenvalues of A).
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Since this condition is invariant by rescaling, it must also be satisfied by every
blow-up limit and this implies that these latter at a type I singularity can only be
the sphere Sn or the cylinder Sn−1 × R.
At a type II singularity only a strictly convex, translating blow-up limit M̃ is
possible, since the product of a factor Rn−m with a strictly convex,m-dimensional,
translating hypersurface N of Rm+1, does not satisfy the condition λ̃1 + λ̃2 ≥ αH̃.
If m < n− 1 this is obvious; if m = n− 1 it is a consequence of the fact that the
infimum of the ratio of the minimum eigenvalue of the second fundamental form of
N with its mean curvature λNmin/H

N must be zero, otherwise by Theorem 4.1.8 the
hypersurface N of R

n is compact, hence cannot be translating. Thus, the blow-up
limit M̃ would have λ̃1 = 0 (because of the flat factor R) and

lim inf
M̃

λ̃2/H̃ = lim inf
N

λNmin/H
N = 0 ,

which is clearly in contradiction with λ̃1 + λ̃2 ≥ αH̃.
The interest in the special class of two-convex hypersurfaces is related to the

possibility, fully exploited by Huisken and Sinestrari [75], to perform a surgery
procedure in order to continue the flow after the singular time, analogous to the
one introduced by Hamilton [64] for Ricci flow.

Huisken & Sinestrari [75].

5.2.5 General Hypersurfaces

About the evolution of a generic compact, smooth, n-dimensional, initial hyper-
surface, we can only say that if it is initially embedded, it stays embedded; if it
develops a type I singularity we can produce a (possibly flat) homothetically hy-
persurface as a blow-up limit and if the singularity is of type II then Hamilton’s
procedure gives a blow-up limit which is an eternal flow with bounded curvature,
such that |A| achieves its absolute maximum at some point in space and time.

For some special classes of hypersurfaces it is possible to reduce the family
of possible blow-up limits at a singularity. For instance, starshaped hypersur-
faces [108] or rotationally symmetric ones [4].

Angenent, Ecker, Huisken, Ilmanen, White [17, 35, 38, 67, 78, 79, 120, 122, 123].

5.3 Mean Curvature Flow with Surgeries

Let ϕ0 : M → Rn+1 be a smooth, compact, two-convex hypersurface, with n ≥
3. In this section we sketchily describe the surgery procedure by Huisken and
Sinestrari at a singular time of its mean curvature flow and some of its geometric
consequences. We suggest consulting the survey [107] for more details. All the
results of this section come from the paper [75].
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We remark that the analogous results in the case of surfaces in the Euclidean space
(n = 2) is an open problem, see anyway Colding and Kleiner [30].

We already said that the evolving hypersurface remains two-convex and em-
bedded if ϕ0 was embedded. Now we discuss a couple of results about the prop-
erties of the flow of two-convex hypersurfaces which are essential for the surgery
procedure.

Theorem 5.3.1. Let ϕt : M → Rn+1 for t ∈ [0, T ), be a family of compact, two-
convex hypersurfaces evolving by mean curvature. Then, for any η > 0 there exists
a constant Cη such that

|λ1| ≤ ηH =⇒ |λi − λj | ≤ c(n)ηH + Cη, ∀i, j > 1

everywhere on M and for every t ∈ [0, T ), where the constant c(n) > 0 depends
only on the dimension n ≥ 3. Here λ1 ≤ λ2 ≤ · · · ≤ λn are the eigenvalues of the
second fundamental form.

The above inequality is called a cylindrical estimate because it shows that,
at a point where H is large and λ1/H is smaller, the second fundamental form is
close to the one of a cylinder, since all the eigenvalues are close to each other with
the exception of λ1 which is small. Such a property is important because in the
surgery procedure one needs to “operate” on regions of the hypersurface which
are almost cylinders.

Next, we have the following key inequality for the gradient of the second
fundamental form. With respect to the gradient estimates for mean curvature
flow already available in the literature, e.g., [28, 38], it should be noticed that this
estimate does not depend on the maximum of the curvature in a neighborhood of
the point under consideration.

Theorem 5.3.2. Let ϕt : M → Rn+1 for t ∈ [0, T ) be a compact, n-dimensional,
two-convex hypersurface moving by mean curvature flow, of dimension n ≥ 3.
Then, there exist constants C = C(n) and D = D(n, ϕ0) such that the flow satisfies
the uniform estimate

|∇A|2 ≤ C|A|4 +D ,

for every t ∈ [0, T ).

Once the estimate for |∇A| is obtained, it is easy to obtain similar estimates
for all the higher order derivatives, as well as the time derivatives.

We describe now the construction of mean curvature flow with surgeries,
defined in [75], for two-convex hypersurfaces of dimension n ≥ 3. The aim of per-
forming surgeries is to define a continuation of the flow past the first singular time
and all the subsequent ones until the hypersurface vanishes. Another possibility
to do this would be to consider weak solutions of the mean curvature flow by the
level sets approach, however, weak solutions have generally low regularity past the
singular time and it is difficult to analyze the topological changes passing through
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a singularity. The flow with surgeries is based on a different strategy: if at a singu-
lar time T the whole hypersurface vanishes, then we do nothing and consider the
flow terminated at time T . Otherwise, we consider the flow at some time t0 slightly
smaller than T and we cut from the hypersurface ϕt0 : M → R

n+1 the regions with
large curvature, replacing them with less curved ones. Such an operation is called
a surgery. Possibly, in doing that we could disconnect the hypersurface into several
components, in which case we restart the flow independently for each component
(or sometimes we simply forget some of them when their topology is trivial) until
a new singular time is approached. This procedure is repeated till the vanishing
of all these independent components.

The rigorous definition of such a procedure involves a precise knowledge of
the geometric properties of the regions that are removed and of the ones that
are added as replacements. To this purpose, one introduces the notion of neck.
The precise definition is given in [75]; roughly speaking, a neck is a portion of a
hypersurface which is close, up to a homothety and a rigid motion, to a standard
cylinder [a, b]× Sn−1. The surgeries which we consider consist of removing a neck
and of replacing it with two regions diffeomorphic to disks which fill smoothly
the two holes left at the two ends of the neck. We have then two situations: if the
remaining hypersurface is still connected, this topological operation was the inverse
of “adding an handle” to the hypersurface (a connected sum with Sn−1 × S1); if
instead the removal of the neck disconnected the hypersurface in two pieces, what
we actually performed was the inverse of the connected sum of the two components.
If after a finite number of surgeries we know the topology of all the remaining
components, keeping track of all the operations we performed, we can reconstruct
backward the topology of the initial hypersurface.

This program can be actually carried out and we have the following result.

Theorem 5.3.3. Let ϕ0 : M → R
n+1 be a compact, immersed, n-dimensional, two-

convex, initial hypersurface, with n ≥ 3. Then there is a mean curvature flow with
surgeries such that, after a finite number of surgeries, all the remaining connected
components are diffeomorphic either to Sn or to Sn−1 × S1.

As we said, this theorem implies that the initial manifold can be recovered
(up to diffeomorphisms) adding a finite number of handles to the connected sum of
a finite family of components all diffeomorphic to Sn or to Sn−1×S1 (all these topo-
logical operations are commutative and associative). Recalling that a connected
sum with Sn leaves the topology unchanged, we obtain the following classification
of two-convex hypersurfaces.

Corollary 5.3.4. Any smooth, compact, n-dimensional, two-convex, immersed hy-
persurface in Rn+1 with n ≥ 3 is diffeomorphic either to Sn or to a finite connected
sum of Sn−1 × S1.

Topological results on k-convex hypersurfaces were already known in the
literature (see, e.g., [124]). However, these results were based on Morse theory and
only ensured homotopic equivalence.
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Since the only simply connected hypersurface in the family above is the
sphere, another consequence (with some extra arguments) of this surgery proce-
dure based on mean curvature flow is the following Schoenflies type theorem for
simply connected, two-convex hypersurfaces.

Corollary 5.3.5. Any smooth, compact, simply connected, n-dimensional, two-con-
vex, embedded hypersurface in R

n+1 with n ≥ 3 is diffeomorphic to S
n and bounds

a region whose closure is diffeomorphic to the (n+1)-dimensional, standard closed
ball.

The proof of Theorem 5.3.3 is quite long and technical, we only describe the
main points and ideas.

As we said in the previous section, the only possible blow-up limits of the
flow of a two-convex hypersurface are the sphere Sn, the cylinder Sn−1 × R and
the n-dimensional, strictly convex, translating hypersurfaces.
When the limit is a sphere, this means that at some time the hypersurface became
convex, thus, no surgery is necessary in this case.
If the limit is a cylinder, then we already have the right geometric structure to
perform a surgery.
In the case of a translating hypersurface, corresponding to a type II singularity,
we have a paraboloid-like hypersurface, but the cylindrical estimates above tell us
that a strip of this paraboloid far from the vertex, where the first eigenvalue of the
second fundamental form is smaller compared to the others, is actually very close
to a strip of a cylinder. Hence, in this case we can choose to perform the surgery
not at the point where the curvature takes its maximum, but in a region nearby
where the curvature is still quite large. After the surgery, the region containing
the vertex of the paraboloid will be thrown away, since it is diffeomorphic to a disc
(alternatively, one can “close” such a region in order to have a convex hypersurface
that will shrink to a point).

An important point in the surgery procedure is being sure that the curvature
actually decreases. To achieve this, one has to choose the necks to be removed in
such a way that the “radius” in the central part is much smaller than at the ends.
In this way, it is possible to “close” smoothly the holes that are formed in the
hypersurface, with two convex caps with small curvature.
The above estimates in Theorems 5.3.1 and 5.3.3 (hence the two-convexity, which
also restricts the family of the possible blow-up limits) play a fundamental role to
prove the existence of necks suitable for the surgery.

To conclude, there are two other essential technical points to be shown in or-
der to make this procedure effective. First, the estimates, with the same constants,
must “survive” every surgery. Second, at every step the volume of the hypersur-
face has to decrease by a fixed positive amount; this clearly implies that the flow
necessarily terminates after a finite number of steps, as the volume is decreasing
in the time intervals where the flow is smooth.
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5.4 Some Problems and Research Directions

We mention some problems that are recently receiving attention by the community.

• Noncollapsing results in order to exclude multiplicities in the blow-up lim-
its and to reduce the possible singularity profiles (discussion at the end of
Section 4.4).

See White [122], Ecker [36] and the recent paper by Sheng and Wang [103]
where a direct argument by Andrews [10] is also quoted.

• Surgery in dimension two: the extension of the work by Huisken and Sinestrari
to the case of mean convex surfaces in R3 (see Colding and Kleiner [30]) and
surgery without the assumption of two-convexity.

• Generic singularities of the flow, that is, showing that the only singularity
profiles of the flow for a generic initial hypersurface are spheres or cylinders
(a long-standing conjecture of Huisken).

See Colding and Minicozzi [29].

Finally, we list here some references to research directions related to the
mean curvature flow, present in literature. We do not pretend to be exhaustive,
we simply want to suggest some starting points for the interested reader.

5.4.1 Motion of Noncompact Hypersurfaces

Some very nice results about existence for short time and regularity in the large
were obtained by Ecker and Huisken [37, 38], in particular, for graphs of functions
and by Chou and Zhu [25] for unbounded curves in the plane.

5.4.2 Motion of Hypersurfaces with Boundary

One can consider the mean curvature flow of a hypersurface such that its boundary
is fixed or it is forced to have a prescribed angle with another hypersurface, see
Huisken [66] or Stahl [112, 113], for instance.

5.4.3 Higher Codimension

See the survey of White [121] and, for instance, the global results of Wang [117],
the works of Altschuler and Grayson [3, 5] about the evolution of curves in space
and the recent paper by Andrews and Baker [11].
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5.4.4 Evolutions by Different Functions of the Curvature

Instead of taking the mean curvature as the normal speed of the hypersurface, one
can consider different functions of the curvature, in particular, any expression in
the symmetric functions of the eigenvalues of the second fundamental form, see [8],
for instance.

Other possibilities are adding “forcing terms” to a function of the curvature,
driving the flow of a hypersurface, or considering evolutions in an ambient space
different from the Euclidean space, like a Riemannian manifold.

5.4.5 Weak Solutions

The literature on weak formulations of mean curvature flow is quite huge; we
simply list some of the main papers that established such weak approaches, see [2,
7, 21, 23, 42, 78].



Appendix A

Quasilinear Parabolic Equations
on Manifolds
(In collaboration with Manolo Eminenti and Luca Martinazzi)

This is the second-order case in the paper [72] by Huisken and Polden (or in the
Ph.D. Thesis of Polden [102]).

Let (M, g) be a smooth, compact, n-dimensional Riemannian manifold. Let
us consider the following PDE problem with a smooth initial datum u0 : M → R,{

ut = L(u) in M × [0, T ],
u( · , 0) = u0 on M ,

(PDE)

where the operator L is a second-order quasilinear differential operator defined in
M × [0, T ) (for some T > 0), acting on a function u : M × [0, T ] → R with T < T
as follows (in a coordinate chart),

L(u) = Qij(p, t, u,∇u)∇2
iju+ b(p, t, u,∇u) ,

where Qij and b are smooth functions. Moreover, the operator L is locally el-
liptic, that is, around every point p ∈ M there is a coordinate chart such that
Qij = Qij(q, s, z, w) is a positive definite matrix with lowest eigenvalue uniformly
bounded from below away from zero for (q, s, z, w) in some neighborhood of any
(p, t, x, v), with t ∈ [0, T ), x ∈ R and v ∈ T ∗

pM .
It is easy to check that these assumptions on the quasilinear operator are inde-
pendent of the choice of the coordinate charts.

In order to show the existence of a solution of problem (PDE) in some positive
(small) time interval, first we show the existence of a weak solution if the system
is linear, then we show its regularity; finally we will deal with the quasilinear case
by means of a linearization procedure.
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A.1 The Linear Case

Throughout this section we assume that system (PDE) is linear, that is, L(u) =
Qij∇2

iju+Rk∇ku+ Su+ b and{
ut −Qij∇2

iju−Rk∇ku− Su = b,

u( · , 0) = u0 ,
(A.1.1)

where Qij , Rk, S and b are smooth functions dependent only on p ∈ M and on
t ∈ [0,+∞) (not on the function u or its gradient). Moreover, we suppose that

• the smooth functions Rk, S, b are bounded in C∞,
• the functions Qij are bounded in C∞ and there exists a uniform ellipticity

constant λ > 0 of Qij .

We set L̃(u) = L(u)−b. Integrating by parts and using Peter–Paul inequality,
we have the following standard G̊arding’s inequality, for every smooth u,

−
∫
M

uL̃(u) dµ ≥ λ

2
‖u‖2

W1,2(M) − C‖u‖2
L2(M) , (A.1.2)

for every t ∈ [0,+∞), where the constant C > 0 depends only on the C1-norms
of the functions Qij , Rk and S (see [72] for details).

We define now the function spaces where we will prove the existence of a
weak solution of problem (A.1.1).

Definition A.1.1. Given a > 0, for every pair of functions f, g ∈ C∞
c (M × [0,+∞))

we set

〈f, g〉LLa(M) =
∫ +∞

0

e−2at〈f( · , t), g( · , t)〉L2(M)dt ,

〈f, g〉LWa(M) =
∫ +∞

0

e−2at〈f( · , t), g( · , t)〉W 1,2(M)dt ,

and let LLa(M) and LWa(M) be the Hilbert spaces obtained by completion with
respect to the two norms.

Suppose we have a smooth solution u ∈ C∞(M×[0,+∞)) of problem (A.1.1),
then if φ ∈ C∞

c (M × (0,+∞)) we have,

0 =
∫ +∞

0

e−2at

∫
M

φ(ut − L(u)) dµ dt

=2a
∫ +∞

0

e−2at

∫
M

φu dµ dt−
∫ +∞

0

e−2at

∫
M

φtu dµ dt

−
∫ +∞

0

e−2at

∫
M

φL(u) dµ dt
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=2a
∫ +∞

0

e−2at

∫
M

φu dµ dt−
∫ +∞

0

e−2at

∫
M

φtu dµ dt

−
∫ +∞

0

e−2at

∫
M

φ(Qij∇2
iju+Rk∇ku+ Su+ b) dµ dt

=2a
∫ +∞

0

e−2at

∫
M

φu dµ dt−
∫ +∞

0

e−2at

∫
M

φtu dµ dt

+
∫ +∞

0

e−2at

∫
M

Qij∇iφ∇ju+ φ∇ju∇iQ
ij − φRk∇ku− φSu dµ dt

−
∫ +∞

0

e−2at

∫
M

φ b dµ dt .

Notice that, by integration by parts, this equation has a meaning also if u is merely
in LWa(M), so we can use it to define a weak solution of the linear problem.

Definition A.1.2. We say that u ∈ LWa(M) is a weak solution of

ut = Qij∇2
iju+Rk∇ku+ Su+ b , (A.1.3)

if the following equality holds for every φ ∈ C∞
c (M × (0,+∞)):

2a
∫ +∞

0

e−2at

∫
M

φu dµ dt−
∫ +∞

0

e−2at

∫
M

φtu dµ dt (A.1.4)

+
∫ +∞

0

e−2at

∫
M

Qij∇iφ∇ju+ φ∇ju∇iQ
ij − φRk∇ku− φSu dµ dt

=
∫ +∞

0

e−2at

∫
M

φ b dµ dt .

If a weak solution u is smooth it is easy to see that u is a classical solution
of the parabolic equation in (A.1.1).

We let Φ be the space of functions C∞
c (M × (0,+∞)) that are clearly zero

for small time. If LWa,0(M) is the completion of Φ with respect to the norm of
LWa(M), asking that a function u belongs to this space is the weak way to express
the condition u( · , 0) = 0.

By simplicity we define the bilinear form

B(u, φ) = Qij∇iφ∇ju+ φ∇ju∇iQ
ij − φRk∇ku− φSu ,

and we define P : LWa,0(M) × Φ → R and K : Φ → R as follows:

P (u, φ) =2a
∫ +∞

0

e−2at

∫
M

φu dµ dt−
∫ +∞

0

e−2at

∫
M

φtu dµ dt

+
∫ +∞

0

e−2at

∫
M

B(u, φ) dµ dt ,

K(φ) =
∫ +∞

0

e−2at

∫
M

φ b dµ dt .
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Then a weak solution u ∈ LWa,0(M) satisfies P (u, φ) = K(φ) for every φ ∈ Φ.
Notice that K is a continuous functional on Φ when b ∈ LLa(M).

We need now the following variation of Lax–Milgram whose proof can be
found in [45, Chapter 10, Theorem 16].

Lemma A.1.3. Let H be a Hilbert space and Φ a space with a scalar product (not
necessarily complete) continuously embedded in H. Moreover, let P : H × Φ → R

be a bilinear form such that

• h �→ P (h, φ) is continuous for every fixed φ ∈ Φ,
• P |Φ is coercive, that is, there exists a positive constant C such that P (φ, φ) ≥
C‖φ‖2, for every φ ∈ Φ.

Then, for every K∈Φ∗ there exists h∈H such that K(φ)=P (h,φ) for every φ∈Φ.

Proposition A.1.4. If b ∈ LLa(M) and u0 is smooth, the problem (A.1.1) has a
weak solution u ∈ LWa(M), for a > 0 large enough, that is, u − u0 ∈ LWa,0(M)
and u is a weak solution of equation (A.1.3).

Proof. First we assume that u0 = 0.
For the thesis, it is sufficient to check the hypotheses of Lemma A.1.3. Indeed, it
immediately implies the proposition.

Fixing φ ∈ Φ, a repeated application of Hölder’s inequality shows easily that
L and P are continuous with respect to the norm of LWa(M) (actually, K is
already continuous in LLa(M) like the two first terms of P ( · , φ)).

We show the coerciveness of P , keeping in mind that φ is regular and has
compact support in M × (0,+∞),

P (φ, φ) = 2a
∫ +∞

0

e−2at

∫
M

φ2 dµ dt−
∫ +∞

0

e−2at

∫
M

φtφdµ dt

+
∫ +∞

0

e−2at

∫
M

B(φ, φ) dµ dt

= 2a
∫ +∞

0

e−2at

∫
M

φ2 dµ dt− a

∫ +∞

0

e−2at

∫
M

φ2 dµ dt

−
∫ +∞

0

e−2at

∫
M

φL̃(φ) dµ dt

≥ a

∫ +∞

0

e−2at

∫
M

φ2 dµ dt+
λ

2

∫ +∞

0

e−2at

∫
M

|∇φ|2 dµ dt

− C

∫ +∞

0

e−2at

∫
M

φ2 dµ dt ,

where we used G̊arding’s inequality (A.1.2), hence

P (φ, φ) ≥ (a− C)‖φ‖2
LLa(M) +

λ

2
‖φ‖2

LWa(M) .

Choosing a > C, the coerciveness of P follows.
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Suppose now that the smooth initial datum u0 is not identically zero. We
consider the equation satisfied by the function v = u−u0, with a null initial datum
and we solve it with the previous method.
The last term of this new problem is L(u0) = L̃(u0) + b (the other parts of the
operator are the same, by linearity), then the regularity of u0 implies that it
satisfies the hypotheses for the existence of a weak solution v ∈ LWa,0(M), hence
of u ∈ LWa(M) as in the statement of the proposition. �
Lemma A.1.5. If u ∈ LWa(M) is a weak solution of problem (A.1.1), then for
every φ ∈ C∞

c (M × [0,+∞)), the following equation holds:

2a
∫ +∞

0

e−2at

∫
M

φu dµ dt−
∫ +∞

0

e−2at

∫
M

φtu dµ dt−
∫
M

φu0 dµ , (A.1.5)

+
∫ +∞

0

e−2at

∫
M

Qij∇iφ∇ju+ φ∇ju∇iQ
ij − φRk∇ku− φSu dµ dt

=
∫ +∞

0

e−2at

∫
M

φ b dµ dt .

Proof. Let v = u− u0 ∈ LWa,0(M) satisfying the relative equation (A.1.4) in the
modified system, that is,

2a
∫ +∞

0

e−2at

∫
M

φv dµ dt−
∫ +∞

0

e−2at

∫
M

φtv dµ dt (A.1.6)

+
∫ +∞

0

e−2at

∫
M

Qij∇iφ∇jv + φ∇jv∇iQ
ij − φRk∇kv − φSv dµ dt

=
∫ +∞

0

e−2at

∫
M

φL(u0) + b dµ dt ,

for every function φ ∈ C∞
c (M × (0,+∞)).

Let now φ = σϕ where ϕ ∈ C∞
c (M × [0,+∞)) and σ : [0 + ∞) → R is a function

which is zero on [0, ε], one on [2ε,+∞) and linear in the middle (we can “put”
such a function σ in the formula above by approximation).
We compute,

2a
∫ +∞

0

e−2atσ

∫
M

ϕv dµ dt−
∫ +∞

0

e−2atσ

∫
M

ϕtv dµ dt

− 1
ε

∫ 2ε

ε

e−2at

∫
M

ϕv dµ dt

+
∫ +∞

0

e−2atσ

∫
M

Qij∇iϕ∇jv + φ∇jv∇iQ
ij − φRk∇kv − φSv dµ dt

=
∫ +∞

0

e−2atσ

∫
M

ϕL(u0) + b dµ dt .
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As ε → 0, the term 1
ε

∫ 2ε

ε
e−2at

∫
M
ϕv dµ dt converges to zero as v ∈ LWa,0(M)

and the other terms converge to the corresponding ones without σ inside, as σ →
χ[0,+∞) when ε → 0. Hence, v satisfies relation (A.1.6) for every φ ∈ C∞

c (M ×
[0,+∞)).
Substituting v = u− u0 we get

2a
∫ +∞

0

e−2at

∫
M

φu dµ dt−
∫ +∞

0

e−2at

∫
M

φtu dµ dt

− 2a
∫ +∞

0

e−2at

∫
M

φu0 dµ dt+
∫ +∞

0

e−2at

∫
M

φtu0 dµ dt

+
∫ +∞

0

e−2at

∫
M

Qij∇iφ∇ju+ φ∇ju∇iQ
ij − φRk∇ku− φSu dµ dt

=
∫ +∞

0

e−2at

∫
M

φ b dµ dt ,

and the second line is equal to

−2a
∫ +∞

0

e−2at

∫
M

φu0 dµ dt+
∫ +∞

0

e−2at

∫
M

φtu0 dµ dt

= − 2a
∫ +∞

0

e−2at

∫
M

φu0 dµ dt

+
∫ +∞

0

e−2at d

dt

∫
M

φu0 dµ dt

=
∫ +∞

0

d

dt

[
e−2at

∫
M

φu0 dµ
]
dt

= −
∫
M

φu0 dµ ,

which gives the thesis of the lemma. �

A.2 Regularity in the Linear Case

Definition A.2.1. Let

LW s
a (M) =

{
f : M × [0,+∞) → R

∣∣∣∣
∫ +∞

0

e−2at‖f( · , t)‖2
W s,2(M) dt < +∞

}

with the scalar product

〈f, g〉LW s
a (M) =

∫ +∞

0

e−2at〈f( · , t), g( · , t)〉W s,2(M) dt .
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Moreover,

P la(M) =
{
f : M × [0,+∞) → R

∣∣∣∣ ∂jf∂tj ∈ LW 2(l−j)
a (M) ∀j ≤ l

}
,

where ∂jf
∂tj

is in distributional sense. Clearly P la(M) ⊂ LW 2l
a (M).

On this space we have the scalar product

〈f, g〉P la(M) =
∑
j≤l

〈
∂jf

∂tj
,
∂jg

∂tj

〉
LW

2(l−j)
a (M)

.

Lemma A.2.2. The trace f0 of a function f ∈ P la(M) on the parabolic boundary
M × {0} belongs to the space W 2l−1,2(M).

Proof. It is easy to see that C∞
c (M × [0,+∞)) is dense in P la(M). If f is smooth

with compact support, we have∫ +∞

0

e−2at

∫
M

g
(
∇2l−1f,∇2l−1 ∂f

∂t

)
dµ dt =

1
2

∫ +∞

0

e−2at

∫
M

∂

∂t
|∇2l−1f |2 dµ dt

= a

∫ +∞

0

e−2at

∫
M

|∇2l−1f |2 dµ dt

− 1
2

∫
M

|∇2l−1f0|
2
dµ .

Hence, keeping in mind the definition of the space P la(M),∫
M

|∇2l−1f0|
2
dµ =2a

∫ +∞

0

e−2at

∫
M

|∇2l−1f |2 dµ dt

− 2
∫ +∞

0

e−2at

∫
M

g
(
∇2l−1f,∇2l−1 ∂f

∂t

)
dµ dt

=2a
∫ +∞

0

e−2at

∫
M

|∇2l−1f |2 dµ dt

+ 2
∫ +∞

0

e−2at

∫
M

g
(
∆∇2l−2f,∇2l−2 ∂f

∂t

)
dµ dt

≤ 2a‖f‖2
LW2l−1

a (M)
+ 2‖f‖LW2l

a (M)‖f‖P la(M)

≤ 3a‖f‖2
P la(M) .

Then, the conclusion follows by approximation. �

We are now ready to state the main result of this section.

Proposition A.2.3. For every l ∈ N the linear map

F (u) =
(
u0, ut − L̃(u)

)
(A.2.1)

is an isomorphism of P la(M) onto W 2l−1,2(M)×P l−1
a (M), for a > 0 large enough.
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By the previous lemma the map F is well defined and bounded, we only need
to show that it is a bijection, by the open mapping theorem.

Lemma A.2.4. If u ∈ LWa(M) satisfies equation (A.1.5) for every φ ∈ C∞
c (M ×

[0,+∞)) then, the following estimate holds:

‖u‖2
LWa(M) ≤ C

(
‖u0‖2

L2(M) + ‖b‖2
LLa(M)

)
.

Proof. Let φ ∈ C∞
c (M× [0,+∞)), by looking at equation (A.1.5) we can see easily

that ut ∈ LLa(M). Then, by the density of C∞
c (M × [0,+∞)) in LWa(M)), we

can substitute φ with u, obtaining

2a
∫ +∞

0

e−2at

∫
M

u2 dµ dt−
∫ +∞

0

e−2at

∫
M

utu dµ dt−
∫
M

u2
0 dµ

+
∫ +∞

0

e−2at

∫
M

Qij∇iu∇ju+ u∇ju∇iQ
ij − uRk∇ku− Su2 dµ dt

=
∫ +∞

0

e−2at

∫
M

u b dµ dt .

Taking the time derivative outside the inner integral of the second term and inte-
grating by parts, we get

a

∫ +∞

0

e−2atϕ

∫
M

u2 dµ dt− 1
2

∫
M

u2
0 dµ

+
∫ +∞

0

e−2at

∫
M

Qij∇iu∇ju+ u∇ju∇iQ
ij − uRk∇ku− Su2 dµ dt

=
∫ +∞

0

e−2at

∫
M

u b dµ dt .

By G̊arding’s inequality (A.1.2) this formula implies

λ

2
‖u‖2

LWa(M) ≤ (C − a)‖u‖2
LLa(M) +

1
2
‖u0‖2

L2(M) + ‖u‖LLa(M)‖b‖LLa(M)

and using Peter–Paul inequality on the last term,

‖b‖LLa(M)‖u‖LLa(M) ≤ ε‖u‖2
LLa(M) +C‖b‖2

LLa(M) ≤ ε‖u‖2
LWa(M) + C‖b‖2

LLa(M) ,

the lemma follows by choosing a > C and ε < λ/4. �

In order to get estimates on the higher derivatives of u we work with the
incremental ratios, being the ambient space M a manifold we need to use local
charts.
Given f : R

n → R
n and h �= 0, fixing v ∈ Rn, let

(Θhf)(x) = h−1(f(x+ hv) − f(x)) .

The following properties of the operators Θh are easily checked.
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• If f, g : Rn → Rn then

(Θh(fg))(x) = (Θhf)(x)g(x+ hv) + (Θhg)(x)f(x) .

• If f, g ∈ L1(Rn) with compact support contained in an open set Ω ⊂ Rn,
then for h small enough we have∫

Ω

Θhf dx = 0

and ∫
Ω

f Θhg dx = −
∫

Ω

gΘ−hf dx .

Let ψl : Rn ⊃ Bn1 → M , for l = 1, . . . ,m, be a family of local charts such
that the union of ψl(Bn1/2) covers M (Bnr is the n-dimensional ball of radius r).

Moreover, let ρ : R
n → [0, 1] be a smooth function which is 0 outside Bn3/4 and 1

in Bn1/2. We define Ul = ψl(Bn1 ) and Vl = ψl(Bn1/2).
We “lift” now Θ and ρ on M via the coordinate charts ψl, still using the

same notation. Notice that the relations above still hold for functions on M whose
support is contained in a single chart.

Lemma A.2.5. If u ∈ LWa(M) satisfies equation (A.1.5) with a smooth u0, then
u ∈ LW 2

a (M) and the following estimate holds:

‖u‖2
LW 2

a (M) ≤ C
(
‖u0‖2

W 1,2(M) + ‖b‖2
LLa(M)

)
. (A.2.2)

Proof. We prove the estimate

‖∇2u‖2
LLa(M) ≤ C

(
‖u0‖2

W1,2(M) + ‖u‖2
LWa(M) + ‖b‖2

LLa(M)

)
, (A.2.3)

then the conclusion follows by means of Lemma A.2.4.
We fix a chart ψl and we consider the test function φ = Θ−h(ρ2Θhu) extended to
0 outside Ul in equation (A.1.5); integrating by parts, as ut ∈ LLa(M), we get

〈
ut,Θ−h(ρ2Θhu)

〉
LLa(M)

+
∫ +∞

0

e−2at

∫
M

B(u,Θ−h(ρ2Θhu)) dµ dt

= 〈b,Θ−h(ρ2Θhu)〉LLa(M) ,

recalling that we defined the form B as

B(u, φ) = Qij∇iφ∇ju+ φ∇ju∇iQ
ij − φRk∇ku− φSu .
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Now “moving” the incremental ratios and integrating by parts, we obtain

−〈b,Θ−h(ρ2Θhu)〉LLa(M) =
〈
∂(Θhu)
∂t

, ρ2Θhu

〉
LLa(M)

+
∫ +∞

0

e−2at

∫
M

B(Θhu, ρ
2Θhu) dµ dt

+
∫ +∞

0

e−2at

∫
M

(ΘhB)(u, ρ2Θhu) dµ dt

=
〈
∂(ρΘhu)

∂t
, ρΘhu

〉
LLa(M)

+
∫ +∞

0

e−2at

∫
M

B(Θhu, ρ
2Θhu) dµ dt

+
∫ +∞

0

e−2at

∫
M

(ΘhB)(u, ρ2Θhu) dµ dt

= a

∫ +∞

0

e−2at

∫
M

ρ2|Θhu|2 dµ dt−
1
2

∫
M

ρ2|Θhu0|2 dµ

+
∫ +∞

0

e−2at

∫
M

B(Θhu, ρ
2Θhu) dµ dt

+
∫ +∞

0

e−2at

∫
M

(ΘhB)(u, ρ2Θhu) dµ dt

where the term (ΘhB)(u, ρ2Θhu) is given by the application of the Leibniz rule
for the incremental ratios. Anyway, this term is not a problem as all coefficients
of the form B are bounded in C∞.
Hence, we have

∫ +∞

0

e−2at

∫
M

B(Θhu, ρ
2Θhu) dµ dt+

∫ +∞

0

e−2at

∫
M

(ΘhB)(u, ρ2Θhu) dµ dt

≤ C‖b‖LLa(M)‖Θ−h(ρ2Θhu)‖LLa(M) + C‖Θhu‖2
LLa(Ul)

+
1
2

∫
M

ρ2|Θhu0|2 dµ

≤ C‖b‖LLa(M)‖ρ2Θhu‖LWa(M) + C‖u‖2
LWa(M) + C‖u0‖2

W 1,2(M) ,

by the standard integral estimates on the incremental ratios.
We deal now with the two integrals in this formula. For the first one, which

we call A, after some manipulations with the Leibniz rule, we have

A =
∫ +∞

0

e−2at

∫
M

B(Θhu, ρ
2Θhu) dµ dt
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≥
∫ +∞

0

e−2at

∫
M

ρQij∇iΘhu∇j(ρΘhu) dµ dt

− C

∫ +∞

0

e−2at

∫
M

ρ|∇Θhu| |Θhu| |∇ρ| dµ dt

− C

∫ +∞

0

e−2at

∫
M

ρ2|Θhu|(|∇Θhu| + |Θhu|) dµ dt

≥
∫ +∞

0

e−2at

∫
M

Qij∇i(ρΘhu)∇j(ρΘhu) dµ dt

− C

∫ +∞

0

e−2at

∫
M

|∇(ρΘhu)| |Θhu| (ρ+ |∇ρ|) dµ dt

− C

∫ +∞

0

e−2at

∫
M

|Θhu|2(ρ2 + ρ|∇ρ| + |∇ρ|2) dµ dt

≥
∫ +∞

0

e−2at

∫
M

Qij∇i(ρΘhu)∇j(ρΘhu) dµ dt

− εl

∫ +∞

0

e−2at

∫
M

|∇(ρΘhu)|2 dµ dt

− Cl

∫ +∞

0

e−2at

∫
Ul

|Θhu|2 dµ dt

≥
∫ +∞

0

e−2at

∫
M

Qij∇i(ρΘhu)∇j(ρΘhu) dµ dt

− εl‖∇(ρΘhu)‖2
LLa(M) − Cl‖Θhu‖2

LLa(Ul)
,

for some small εl > 0 and constants Cl that we obtained by means of the use of
Peter–Paul inequality. Again, by standard estimates, we conclude

A ≥
∫ +∞

0

e−2at

∫
M

Qij∇i(ρΘhu)∇j(ρΘhu) dµ dt

− εl‖ρΘhu‖2
LWa(M) − Cl‖u‖2

LWa(M) ,

where the constants εl and Cl are independent of u and h (small enough).
By G̊arding’s inequality (A.1.2) it follows easily that∫ +∞

0

e−2at

∫
M

Qij∇i(ρΘhu)∇j(ρΘhu) dµ dt

≥ λ

2
‖ρΘhu‖2

LWa(M) − C‖ρΘhu‖2
LLa(M)

≥ λ

2
‖ρΘhu‖2

LWa(M) − C‖u‖2
LWa(M) ,

hence,

A ≥
(λ

2
− εl

)
‖ρΘhu‖2

LWa(M) − Cl‖u‖2
LWa(M) .
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For the second integral, which we call B, we have

B =
∫ +∞

0

e−2at

∫
M

(ΘhB)(u, ρ2Θhu) dµ dt

≥
∫ +∞

0

e−2at

∫
M

(ΘhQ
ij)∇iu∇j(ρ2Θhu) dµ dt

− C

∫ +∞

0

e−2at

∫
M

ρ2|Θhu| (|∇u| + |u|) dµ dt

≥ − C

∫ +∞

0

e−2at

∫
M

ρ|∇u| |∇(ρΘhu)| dµ dt

− C

∫ +∞

0

e−2at

∫
M

ρ|Θhu| |∇u| |∇ρ| dµ dt

− C

∫ +∞

0

e−2at

∫
M

ρ2|Θhu| (|∇u| + |u|) dµ dt

≥ − εl‖ρΘhu‖2
LWa(M) − Cl‖u‖2

LWa(M) ,

by repeated use of Peter–Paul inequality.
Finally we obtain(λ

2
− εl

)
‖ρΘhu‖2

LWa(M) ≤A + Cl‖u‖2
LWa(M)

≤C‖b‖LLa(M)‖ρ2Θhu‖LWa(M) + C‖u0‖2
W1,2(M)

− B + Cl‖u‖2
LWa(M)

≤C‖b‖LLa(M)‖ρ2Θhu‖LWa(M) + C‖u0‖2
W1,2(M)

+ εl‖ρΘhu‖2
LWa(M) + Cl‖u‖2

LWa(M)

≤Cl‖b‖2
LLa(M) + εl‖ρ2Θhu‖2

LWa(M) + C‖u0‖2
W1,2(M)

+ εl‖ρΘhu‖2
LWa(M) + Cl‖u‖2

LWa(M) .

It can be seen easily that

‖ρ2Θhu‖2
LWa(M) ≤‖ρΘhu‖2

LWa(M) + C‖Θhu‖2
LLa(Ul)

≤‖ρΘhu‖2
LWa(M) + C‖u‖2

LWa(M) ,

as ρ ≤ 1, hence,(λ
2
− 3εl

)
‖ρΘhu‖2

LWa(M) ≤ Cl‖b‖2
LLa(M) + C‖u0‖2

W 1,2(M) + Cl‖u‖2
LWa(M) .

By the arbitrariness of h, after choosing εl small enough, this estimate implies
that

‖∇2u‖2
LLa(Vl)

≤ Cl

(
‖b‖2

LLa(M) + ‖u0‖2
W1,2(M) + ‖u‖2

LWa(M)

)
.

As the coordinate charts are finite (M is compact) we get inequality (A.2.3),
concluding the proof. �
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An immediate consequence of the fact that u ∈ LW 2
a (M) is the estimate

‖ut‖2
LLa(M) ≤C

(
‖u‖2

LW2
a (M) + ‖u0‖2

LLa(M) + ‖b‖2
LLa(M)

)
≤C

(
‖u0‖2

W1,2(M) + ‖b‖2
LLa(M)

)
,

that follows from equation (A.1.5).
Combining it with estimate (A.2.2) we have the following proposition.

Proposition A.2.6. If u0 ∈ W 1,2(M) and b ∈ LLa(M) then u ∈ P 1
a (M), with the

estimate
‖u‖2

P 1
a
≤ C

(
‖u0‖2

W1,2(M) + ‖b‖2
LLa(M)

)
.

Remark A.2.7. By means of approximation with smooth functions, this proposi-
tion implies the existence and uniqueness of a weak solution of problem (A.1.1)
with an initial datum u0 ∈ W 1,2(M).

Suppose now that b ∈ P l−1
a (M) (hence, b ∈ LW 2l−2

a (M)) and u0 ∈ W 2l−1,2(M).
We consider the test function Θ2l−1

−h ρ2Θ2l−1
h u and we work as in the proof of

Lemma A.2.5.

−〈b,Θ2l−1
−h (ρ2Θ2l−1

h u)〉LLa(M)

=
〈
∂(Θ2l−1

h u)
∂t

, ρ2Θ2l−1
h u

〉
LLa(M)

+
∫ +∞

0

e−2at

∫
M

B(Θ2l−1
h u, ρ2Θ2l−1

h u) dt

+
2l−1∑
j=1

(
2l − 1
j

)
(−1)j

∫ +∞

0

e−2at

∫
M

(Θj
hB)(Θ2l−1−j

h u, ρ2Θ2l−1
h u) dt .

Proceeding analogously, with the only difference that we deal with the term con-
taining b as follows,

−〈b,Θ2l−1
−h (ρ2Θ2l−1

h u)〉LLa(M) ≤ |〈Θ2l−2
h b,Θ−h(ρ2Θ2l−1

h u)〉LLa(M)|
≤ ‖b‖LW2l−2

a (M)‖ρ
2Θ2l−1

h u‖LWa(M) ,

we obtain

‖∇(ρΘ2l−1
h u)‖2

LLa(M) ≤ C
(
‖u0‖2

W 2l−1,2(M) + ‖u‖2
LW2l−1

a (M)
+ ‖b‖2

LW2l−2
a (M)

)
.

By means of Proposition A.2.6 and iteration, we conclude

‖u‖2

LW
2(l−1)
a (M)

≤ C
(
‖u0‖2

W2l−1,2(M) + ‖b‖2
LW 2l−2

a (M)

)
.

Suppose now, by induction, that for every j<m≤ l we have ∂ju
∂tj ∈LW

2(l−1−j)
a (M),

the case j = 0 being the previous estimate. Putting in equation (A.1.5) a smooth
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test function φ = ∂m−1

∂tm−1ϕ in C∞
c (M × (0,+∞)), integrating by parts and estimat-

ing, we see that u satisfies the estimates∥∥∥∥∂mu∂tm

∥∥∥∥
2

LW
2(l−1−m)
a (M)

≤C
(∥∥∥∥∂m−1b

∂tm−1

∥∥∥∥
2

LW
2(l−1−m)
a (M)

+
∑
j<m

∥∥∥∥∂ju∂tj
∥∥∥∥

2

LW
2(l−1−j)
a (M)

)

≤C
(
‖b‖2

P l−1
a (M)

+
∑
j<m

∥∥∥∥∂ju∂tj
∥∥∥∥

2

LW
2(l−1−j)
a (M)

)
.

Hence, we conclude that ∂ju
∂tj

∈ LW
2(l−1−j)
a (M), for every j ∈ {0, . . . , l}.

We summarize all this argument in the following proposition.

Proposition A.2.8. For every l ∈ N, if u0 ∈ W 2l−1,2(M) and b ∈ P l−1
a (M) then

u ∈ P la(M) with the estimate

‖u‖2
P la(M) ≤ C

(
‖u0‖2

W 2l−1,2(M) + ‖b‖2
P l−1
a (M)

)
.

We can now show Proposition A.2.3.

Proof of Proposition A.2.3. As we already said, the map F is well defined and
continuous and in order to conclude that F is an isomorphism it is sufficient to
show that there exists a unique weak solution in u ∈ P la(M) of problem (A.1.1)
with any initial datum u0 ∈W 2l−1,2(M) and b ∈ P l−1

a (M).
As W 2l−1,2(M) is a subspace of W 1,2(M), by Remark A.2.7 we have a unique
weak solution u ∈ LWa(M), then Proposition A.2.8 implies that u ∈ P la(M), as
we wanted. �

A.3 The General Case

Theorem A.3.1. Problem (PDE) has a unique smooth solution defined in a time
interval [0, T ) and such solution depends continuously in C∞ on the smooth initial
datum u0.

As M is compact there exists a constant C > 0 such that the initial datum
satisfies |u0|+ |∇u0|g ≤ C. Since we are looking for a short time solution, possibly
modifying the functions Qij and b with some “cut-off” functions, we can assume
that if |u| + |∇u|g + t ≥ 2C, the matrix Qij(p, t, u,∇u) coincides with gij(p)
and b(p, t, u,∇u) is zero. It follows that the operator Qij( · )∇2

ij has an ellipticity
constant λ > 0 uniformly bounded from below away from zero and that for large
time there holds L(u) = ∆u.

For any l ∈ N we define P l(M,T ) as the completion of C∞(M× [0, T ]) under
the norm

‖f‖2
P l(M,T ) =

∑
j, k ∈ N and 2j + k ≤ 2l

∫
M×[0,T ]

|∂jt∇kf |2 dµ dt ,

for every T ∈ R
+.
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Clearly, there is a natural continuous embedding P la(M) ↪→ P l(M,T ). In the fol-
lowing it will be easier (though conceptually equivalent) to use the spaces P l(M,T )
instead of Polden’s weighted spaces P la(M). For this reason we translate Proposi-
tion A.2.3 into the setting of P l(M,T ) spaces.

Proposition A.3.2. For every T >0 and l∈N the map F defined by formula (A.2.1)
is an isomorphism of P l(M,T ) onto W 2l−1,2(M) × P l−1(M,T ).

Proof. The continuity of the second component of F is obvious while the continuity
of the first component follows by arguing as in the trace Lemma A.2.2. Hence, the
map F is continuous, now we show that it is an isomorphism.
Given any b ∈ P l−1(M,T ) we consider an extension b̃ ∈ P l−1

a (M) of the function
b and we let ũ ∈ P la(M) be the solution of problem (A.1.1) for b̃. Clearly, u =
ũ|M×[0,T ] belongs to P l(M,T ) and satisfies F (u) = (u0, b) in M × [0, T ]. Suppose
that v ∈ Pm(M,T ) is another function such that F (v) = (u0, b) in M× [0, T ], then
by the maximum principle the functions u and v must coincide in all M × [0, T ].

Since the map F : P l(M,T ) → W 2l−1,2(M) × P l−1(M,T ) is continuous,
one-to-one and onto, it is an isomorphism by the open mapping theorem. �

Remark A.3.3. When u0 and b are smooth the unique solution u of problem (A.1.1)
belongs to all the spaces P l(M,T ) for every l ∈ N. As by Sobolev embeddings for
any k ∈ N we can find a large l ∈ N so that P l(M,T ) continuously embeds into
Ck(M × [0, T ]), we can conclude that u actually belongs to C∞(M × [0, T ]).

Fixing l ∈ N, we consider now the map

F(u) = (u0, ut − L(u)) =
(
u( · , 0), ut −Qij(u)∇2

iju− b(u)
)
,

defined on P l(M,T ), where Qij(u) = Qij(p, t, u,∇u) and b(u) = b(p, t, u,∇u).
The image of the map F does not belong in general to W 2l−1,2(M) × P l−1(M);
this holds when l ∈ N is large enough and in this case F is actually C1.

Lemma A.3.4. Assume that l > n/4 + 1, then u ∈ P l(M,T ) implies that ∇u
belongs to C0(M × [0, T ]). Moreover, F is a well-defined C1 map from P l(M,T )
to W 2l−1,2(M) × P l−1(M,T ).

We postpone the proof of this lemma to the end of the section.
We fix l ∈ N such that the hypothesis of Lemma A.3.4 holds and we set

ũ0(p, t) =
∑l−1

m=0 am(p) tm/m! for some functions a0, . . . , al−1 ∈ C∞(M) to be
determined later. Let w ∈ P l(M,T ) be the unique solution of the linear problem

{
wt = Qij(p, t, ũ0,∇ũ0)∇2

ijw + b(p, t, ũ0,∇ũ0),
w( · , 0) = u0 .
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Such a solution exists by Proposition A.2.3 and it is smooth, as u0 and ũ0 are
smooth (see Remark A.3.3), hence we have

F(w) = (w0, wt−L(w)) =
(
u0, (Qij(ũ0)−Qij(w))∇2

ijw+b(ũ0)−b(w)
)

= (u0, f ) ,

where we set f = (Qij(ũ0)−Qij(w))∇2
ijw+b(ũ0)−b(w) which is a smooth function.

If we compute the differential dFu of the map F at the “point” w ∈ C∞(M×
[0, T ]) ⊂ P l(M,T ), acting on v ∈ P l(M,T ), we obtain

dFw(v) =
(
v0, vt −Qij(w)∇2

ijv − ∂wQ
ij(w)v∇2

ijw

− ∂wkQ
ij(w)∇kv∇2

ijw − ∂wb(w)v − ∂wkb(w)∇kv
)
,

(A.3.1)

where v0 = v( · , 0).
Then, we can see that dFw(v) = (z, h) ∈ W 2l−1,2(M) × P l−1(M,T ) implies that
v is a solution of the linear system{

vt − Q̃ij∇2
ijv − R̃k∇kv − S̃v = h,

v( · , 0) = z ,

where Q̃ij = Qij(w), R̃k = ∂wkQ
ij(w)∇2

ijw + ∂wkb(w) and S̃ = ∂wQ
ij(w)∇2

ijw +
∂wb(w) are smooth functions independent of v.
By Proposition A.2.3, for every (z, h) ∈ W 2l−1,2(M) × P l−1(M,T ) there exists
a unique solution v ∈ P l(M,T ) of this system, hence dFw is a Hilbert space
isomorphism and the inverse function theorem can be applied, as the map F is
C1 by Lemma A.3.4. Hence, the map F is a diffeomorphism of a neighborhood
U ⊂ P l(M,T ) of w onto a neighborhood V ⊂W 2l−1,2(M)×P l−1(M,T ) of (u0, f).

Getting back to the functions am, we claim that we can choose them such
that am = ∂mt w|t=0 ∈ C∞(M) for every m = 0, . . . , l − 1.
We apply the following recurrence procedure. We set a0 = u0 ∈ C∞(M) and,
assuming we have defined a0, . . . , am, we consider the derivative

and we see that the right-hand side contains time-derivatives at time t = 0 of
ũ0,∇ũ0 and ∇2

ijw only up to order m, hence it only depends on the functions
a0, . . . , am. Then, we define am+1 to be equal to such expression. Iterating up to
l − 1, the set of functions a0, . . . , al−1 satisfies the claim.

Then, am = ∂mt ũ0|t=0 = ∂mt w|t=0 and it easily follows by the “structure” of
the function f ∈ C∞(M × [0, T ]), that we have ∂mt f |t=0 = 0 and ∇j∂mt f |t=0 = 0
for any 0 ≤ � ≤ l − 1 and j ∈ N.

We consider now for any k ∈ N the “translated” functions fk : M×[0, T ] → R

given by

fk(p, t) =

{
0 if t ∈ [0, 1/k],
f(p, t− 1/k) if t ∈ (1/k, T ] .

∂m+1
t w = ∂�t [Q

ij(p, t, ũ0,∇ũ0)∇2
ijw + b(p, t, ũ0,∇ũ0)]

∣∣∣
t=0

∣∣∣
t=0
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Since f ∈ C∞(M × [0, T ]) and ∇j∂mt f |t=0 = 0 for every 0 ≤ m ≤ l− 1 and j ∈ N,
all the functions ∇j∂mt fk ∈ C0(M × [0, T ]) for every 0 ≤ m ≤ l − 1 and j ≥ 0, it
follows easily that

∇j∂mt fk → ∇j∂mt f in L2(M × [0, T ]) for 0 ≤ m ≤ l − 1, j ≥ 0 ,

hence fk → f in P l(M,T ).
Hence, there exists a function f̃ ∈ P l−1(M,T ) such that (u0, f̃) belongs

to the neighborhood V of F(w), defined above and f̃ = 0 in M × [0, T ′] for
some T ′ ∈ (0, T ]. Since F|U is a diffeomorphism between U and V , we can find
a function u ∈ U such that F(u) = (u0, f̃). Clearly such u ∈ P l(M,T ) is a
solution of problem (PDE) in M × [0, T ′]. Since u ∈ P l(M,T ′) implies that ∇u ∈
C0(M × [0, T ′]), parabolic regularity implies that actually u ∈ C∞(M × [0, T ′]).

Now we get back to the original operator L, which we modified far from the
initial time and initial datum in order to make it uniformly elliptic. The above
argument shows that we can find a smooth solution u in M× [0, T ] for some T > 0
(we relabelled T the time T ′ found above). Such a solution is unique in every
P l(M,T ) for l ∈ N large enough (depending on the dimension of M). Indeed, by
the Sobolev embeddings, P l(M,T ) is a subspace of Ck, with k growing with l, in
particular for every l ∈ N large enough the solution we found is C2 at least; this
allows the use of the maximum principle in order to show that such solution is
unique.

We finally prove the continuous dependence of a solution u ∈ C∞(M× [0, T ])
on its initial datum u0 = u( · , 0) ∈ C∞(M).
Fix any l ∈ N such that l > n/4 + 1, then by Lemma A.3.4 u ∈ P l(M,T )
implies ∇u ∈ C0(M × [0, T ]). By the above argument, u = (F|U )−1(u0, 0) ∈
P l(M,T ) where F|U is a diffeomorphism of an open set U ⊂ P l(M,T ) onto
V ⊂W 2l−1,2(M)×P l−1(M,T ), with (u0, 0) ∈ V . Then, assuming that uk,0 → u0

in C∞(M) as k → ∞, we also have uk,0 → u0 in W 2l−1,2(M), hence for k large
enough (uk,0, 0) ∈ V and there exists uk ∈ U such that F(uk) = (uk,0, 0). This is
the unique solution in P l(M,T ) (hence in C∞(M× [0, T ]) by parabolic bootstrap)
with initial datum uk,0. Moreover, since F|U is a diffeomorphism, we have uk → u
in P l(M,T ).
By uniqueness, we can repeat the same procedure for any l ∈ N satisfying the
condition in Lemma A.3.4, concluding that uk → u in P l(M,T ) for every such
l ∈ N, hence in C∞(M × [0, T ]).
Remark A.3.5. Uniqueness can also be obtained by means of energy estimates
based on G̊arding’s inequality for the operator Qij( · )∇2

ij , computing the ODE
for the quantity

∫
M

(w2 + |∇w|2) dµ where w = u− v and u, v ∈ C∞(M × [0, T ])
are a pair of solutions of problem (PDE).

We now prove Lemma A.3.4.
We need the following proposition which follows from standard arguments of

parabolic interpolation theory, see [87, Theorem 2.3] and [90] for details.
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Proposition A.3.6. Let u ∈ P l(M,T ) where M is compact and n-dimensional.
Then for T > 0 and p, q ∈ N with p+ 2q ≤ 2l, we have

‖∂qt∇pu‖Lr(M×[0,T ]) ≤ C‖u‖P l(M,T ) , if
1
2
− 2l− p− 2q

n+ 2
=

1
r
> 0 , (A.3.2)

‖∂qt∇pu‖Lr(M×[0,T ]) ≤ C‖u‖P l(M,T ) , if
1
2
− 2l− p− 2q

n+ 2
= 0 , (A.3.3)

for every r ≥ 1.
Finally, ∂qt∇pu is continuous and

‖∂qt∇pu‖C0(M×[0,T ]) ≤ C‖u‖P l(M,T ) , if
1
2
− 2l − p− 2q

n+ 2
< 0 , (A.3.4)

where C is a constant independent of u ∈ P l(M,T ).

Proof of Lemma A.3.4. The first claim follows immediately by the above proposi-
tion as the condition l > n/4 + 1 implies, choosing p = 1 and q = 0,

1
2
− 2l − p− 2q

n+ 2
=
n+ 4 − 4l
2(n+ 2)

< 0 ,

hence, ∇u is continuous.
To deal with the second claim, by simplicity we shall write P l = P l(M,T ),

Lq = Lq(M × [0, T ]), C0 = C0(M × [0, T ]) etc., so that for instance C0(P l;C1)
will denote the space of continuous maps from P l(M,T ) to C1(M × [0, T ]).
First we show that actually F(u) ∈W 2l−1,2×P l−1 when u ∈ P l, hence the map F
is well defined. The regularity of the first component follows from Lemma A.2.2 and
linearity, the same holds for the term ut in the second component. Then we only
need to prove that ∂mt ∇k(Qij(u)∇2

iju+ b(u)) belongs to L2 when k+ 2m = 2l− 2
(actually, by looking at Definition A.2.1 of P l−1, we should also check it when
2m+ k < 2l − 2 but this latter task is obviously easier).
Clearly, the “most difficult” term is ∂mt ∇k(Qij(u)∇2

iju), moreover, when at least
one time or space derivative apply to the t, p and u variables in Qij(u), the
resulting term will have a higher integrability than when all the derivatives go on
the gradient term ∇u in Qij(u).
Hence, for simplicity, we assume that b(u) = 0 and Qij(u)∇2

iju = Aij(∇u)∇2
iju

that we will denote by A(∇u)∇2u, for some smooth tensor A. It will be clear by
the following estimates that the other possible terms, when b(u) is not zero and
Qij(u) depends also on the other variables, can be bounded analogously (actually
more easily).
We underline that if all the derivatives go on the factor ∇2u of A(∇u)∇2u, the
resulting term A(∇u)∂mt ∇k∇2u clearly belongs to L2 as A(∇u) is uniformly
bounded (the gradient ∇u is continuous and A is smooth), k + 2m = 2l − 2
and u ∈ P l.
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It can be easily proved by the Leibniz formula and induction that for every
pair of integers m and k with k + 2m = 2l − 2, the derivative ∂mt ∇k(A(∇u)∇2u)
is a finite sum of terms (the total number is bounded by a function of l) each one
of the form

B(∇u)
2l∏
p=1

l−1∏
q=0

∏
|α|=p

(∂qt∇p
αu)

σpqα (A.3.5)

where α is a multiindex of order |α|, the exponents σpqα are nonnegative integers
and B stands for some smooth and bounded tensor. Hence, since ∇u is continuous,
we estimate any of such terms as

|B(∇u)|
2l∏
p=1

l−1∏
q=0

∏
|α|=p

|∂qt∇p
αu|σpqα ≤ C

2l∏
p=1

l−1∏
q=0

|∂qt∇pu|bpq

with bpq =
∑

|α|=p σpqα ∈ N and nonnegative.
Moreover, it can be seen by induction on l ∈ N that the following formula holds:∑

p=1,...,2l
q=0,...,l−1

bpq(p+ 2q − 1) = 2l − 1 . (A.3.6)

Then,

‖∂mt ∇k(A(∇u)∇2u)‖L2 ≤
∑

C
∥∥∥ 2l∏
p=1

l−1∏
q=0

|∂qt∇pu|bpq
∥∥∥
L2

≤
∑

C
(∫

M×[0,T ]

2l∏
p=1

l−1∏
q=0

|∂qt∇pu|2bpq dµ dt
)1/2

,

where the symbol of sum means that we are adding all the terms described by
formula (A.3.5) above.
We now apply Proposition A.3.6 noticing that (p + 2q − 1) is always positive;
otherwise we must have p = 1 and q = 0 but the simple gradient ∇u cannot appear
as a factor in the product formula (A.3.5), by the structure of ∂mt ∇k(A(∇u)∇2u).
If for at least one pair (p, q) with bpq �= 0 the derivative ∂qt∇pu is continuous by the
embedding (A.3.4), we simply bound the relative factor with a constant and we
modify the relative integer exponent bpq to be zero. It follows that we have also to
modify the formula (A.3.6) to the inequality

∑2l
p=1

∑l−1
q=0 bpq(p+ 2q− 1) < 2l− 1.

If at least one pair (p, q) with bpq �= 0 satisfies 2(2l − p − 2q) = n+ 2, that is, we
are in a critical case (A.3.3) of the embeddings, formula (A.3.6) gives∑

p=1,...,2l
q=0,...,l−1

2(2l−p−2q)
=n+2

bpq(p+ 2q − 1) < 2l − 1 , (A.3.7)

as we “dropped” at least one nonzero term bpq(p+ 2q − 1).
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Hence, either formula (A.3.7) holds or we did not “set to zero” any of the inte-
gers bpq and there are no factors in the critical cases of the embeddings. In this
latter situation, either all the derivatives went on ∇2u and the resulting term
A(∇u)∂mt ∇k+2u is bounded in L2, or clearly there are at least two integers bpq
which are nonzero.

We now estimate the previous integral with Hölder’s inequality and the em-
beddings (A.3.2) for the factors with 2(2l− p− 2q) �= n+ 2 and we choose a large
rpq for any factor such that 2(2l − p − 2q) = n + 2 (the critical cases), by the
embeddings (A.3.3):

∫
M×[0,T ]

2l∏
p=1

l−1∏
q=0

|∂qt∇pu|2bpq dµ dt ≤C
2l∏
p=1

l−1∏
q=0

(∫
M×[0,T ]

|∂qt∇pu|2bpq/dpq dµ dt
)dpq

=C

2l∏
p=1

l−1∏
q=0

(∫
M×[0,T ]

|∂qt∇pu|rpq dµ dt
)dpq

≤C‖u‖
∑2l
p=1

∑ l−1
q=0 dpqrpq

P l

=C‖u‖
∑2l
p=1

∑ l−1
q=0 2bpq

P l

where 1
rpq

= 1
2
− 2l−p−2q

n+2
> 0 and dpq = 2bpq/rpq.

This application of Hölder’s inequality is justified if the sum of all the exponents
dpq with 2(2l − p − 2q) �= n + 2 is less than 1, as we can choose the other dpq
(associated to the critical cases) arbitrarily small.
In such a case we conclude that

‖∂mt ∇k(A(∇u)∇2u)‖L2 ≤
∑

C‖u‖
∑2l
p=1

∑ l−1
q=0 bpq

P l

and we are done.
Hence, we now check such condition on the exponents dpq assuming that at

least one of the integers bpq with 2(2l − p− 2q) �= n+ 2 is nonzero, otherwise the
conclusion is trivial.∑

p=1,...,2l
q=0,...,l−1

2(2l−p−2q)
=n+2

dpq =
∑

p=1,...,2l
q=0,...,l−1

2(2l−p−2q)
=n+2

2bpq
rpq

=
∑

p=1,...,2l
q=0,...,l−1

2(2l−p−2q)
=n+2

2bpq

(
1
2
− 2l − p− 2q

n+ 2

)

=
∑

p=1,...,2l
q=0,...,l−1

2(2l−p−2q)
=n+2

2bpq

(
1
2
− 2l − 1
n+ 2

+
p+ 2q − 1
n+ 2

)
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=
∑

p=1,...,2l
q=0,...,l−1

2(2l−p−2q)
=n+2

2bpq

(
1
2
− 2l − 1
n+ 2

)

+
∑

p=1,...,2l
q=0,...,l−1

2(2l−p−2q)
=n+2

2bpq
p+ 2q − 1
n+ 2

.

We now separate the two cases by the discussion above. If the strict inequal-
ity (A.3.7) holds we have

∑
p=1,...,2l
q=0,...,l−1

2(2l−p−2q)
=n+2

dpq <

[ ∑
p=1,...,2l
q=0,...,l−1

2(2l−p−2q)
=n+2

2bpq

(
1
2
− 2l − 1
n+ 2

)]
+ 2

2l − 1
n+ 2

< 1 ,

as at least one of the integers bpq is not zero and since 1
2 − 2l−1

n+2 < 0, by the
hypothesis l > n/4 + 1.
If instead equality (A.3.6) holds, we have seen that at least two of the integers bpq
are nonzero otherwise the conclusion is trivial, then for all the pairs (p, q) with
bpq > 0 there holds 2(2l − p− 2q) �= n+ 2, hence,

∑
p=1,...,2l
q=0,...,l−1

dpq =
∑

p=1,...,2l
q=0,...,l−1

2bpq

(
1
2
− 2l − 1
n+ 2

)
+ 2

2l− 1
n+ 2

≤ 4
(

1
2
− 2l − 1
n+ 2

)
+ 2

2l − 1
n+ 2

=2 − 2
2l − 1
n+ 2

,

which is less than 1 again since l > n/4 + 1.
It remains to prove that dF ∈ C0(P l;L(P l;P l−1)), where L(P l;P l−1) de-

notes the Banach space of bounded linear maps from P l into P l−1. Again we
assume by simplicity b(u) = 0 and Q(u)∇2u = A(∇u)∇2u, for some smooth
tensor A and we define FA : P l → P l−1 given by u �→ A(∇u)∇2u.
We first claim that the Gateaux derivative

(u, v) �→ dFA(u)(v) =
d

dt
FA(u+ εv)

∣∣∣
ε=0

belongs to C0(P l×P l;P l−1). Indeed, dFA(u)(v) is given by (see formula (A.3.1))

dFA(u)(v) = D(∇u)∇v∇2u+A(∇u)∇2v ,

where D is a smooth tensor and the procedure previously used to estimate F(u)
can also be applied to any term ∂mt ∇k(D(∇u)∇v∇2u) or ∂mt ∇k(A(∇u)∇2v), since
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they can be expressed as a sum of terms similar to the ones of formula (A.3.5) with
the only difference being that now in every term exactly one linear occurrence of
u is replaced by v.
It is then easy to conclude, since v ∈ P l like u, that we obtain the continuity
of (u, v) �→ dFA(u)(v) in the same way. This proves in particular that dFA(u) ∈
L(P l;P l−1).
In order now to show that dFA ∈ C0(P l;L(P l;P l−1)) we need to see that

sup
‖v‖

Pl
≤1

‖dFA(ũ)(v) − dFA(u)(v)‖P l−1 → 0 as ũ→ u in P l .

Again, this estimate is similar to what we have already done. Indeed, by what we
said above about the structure of the terms

∂mt ∇k(D(∇u)∇v∇2u) and ∂mt ∇k(A(∇u)∇2v),

assuming for the sake of simplicity that there are no time derivatives, we have to
show that, as ũ→ u in P l,

sup
‖v‖

Pl
≤1

‖B(ũ)∇i1 ũ · · ·∇ij ũ∇ij+1v −B(u)∇i1u · · · ∇iju∇ij+1v‖L2 → 0 , (A.3.8)

where i1 + · · · + ij+1 = 2l + j (see formula (A.3.5) and condition (A.3.6)).
Adding and subtracting terms, one gets∣∣∣B(ũ)∇i1 ũ · · · ∇ij ũ∇ij+1v−B(u)∇i1u · · ·∇iju∇ij+1v

∣∣∣
≤
{
|B(ũ) −B(u)| |∇i1 ũ| · · · |∇ij ũ|

+ |B(u)| |∇i1(ũ− u)| |∇i2 ũ| · · · |∇ij ũ|

+ · · · + |B(u)| |∇i1u| · · · |∇ij (ũ− u)|
}
|∇ij+1v| .

Studying now the L2 norm of this sum, the first term can be bounded as before and
it goes to zero as B(u) is continuous from P l to L∞. The L2 norm of all the other
terms, repeating step by step the previous estimates, using Hölder’s inequality and
embeddings (A.3.2)–(A.3.4), will be estimated by some product

C‖u‖αP l‖ũ‖
β
P l
‖v‖γ

P l
‖ũ− u‖σP l ≤ C‖u‖αP l‖ũ‖

β
P l
‖ũ− u‖σP l

for a constant C and some nonnegative exponents α, β, γ, σ satisfying α+ β+ γ+
σ ≤ 1 and σ > 0. Here we we used the fact that ‖v‖P l ≤ 1.
As ũ − u → 0 in P l, this last product goes to zero in L2, hence uniformly for
‖v‖P l ≤ 1 and inequality (A.3.8) follows, as claimed. The analysis of the estimates
with mixed time/space derivatives is analogous.
Then, the Gateaux differential dFA is continuous, which implies that it coincides
with the Frechét differential, hence FA ∈ C1(P l;P l−1). It follows that the map F
is C1 and we are done. �



Appendix B

Interior Estimates
of Ecker and Huisken

Let Mt be a mean curvature flow of embedded hypersurfaces in Rn+1 which are
locally graphs of the functions u( · , t) over the hyperplane e⊥n+1 ≈ Rn, where
u : Ω × [0, T ] → R is a smooth function and Ω ⊂ Rn.
Let ν be the choice of the unit normal to the moving graphs such that the function
v = 〈ν | en+1〉−1 is positive at time t = 0.

The estimates in the following series of theorems have been obtained by Ecker
and Huisken in [38], see also [35] and [68].

Theorem B.1.1. Let R > 0 and x0 ∈ R
n+1 be arbitrary and define

ϕ(x, t) = R2 − |x− x0|2 − 2nt .

If ϕ+ denotes the positive part of ϕ, we have the estimate

v(x, t)ϕ+(x, t) ≤ sup
M0

vϕ+

as long as v(x, t) is defined everywhere on the support of ϕ+.

Theorem B.1.2. The gradient of the function u satisfies the estimate√
1 + |∇u(y0, t)|2 ≤C1(n) sup

BR(y0)

√
1 + |∇u0|2

× exp

[
C2(n)R−2 sup

s∈[0,T ]

(
sup

r∈[0,T ],y∈BR(y0)

u(y, r) − u(y0, s)
)2
]

where t ∈ [0, T ], BR(y0) is a ball in e⊥n+1 and u0 = u( · , 0).

Theorem B.1.3. Let R > 0 and θ ∈ [0, 1), then for x0 ∈ R
n+1 we have the estimate

sup
K(x0,t,θR2)

|A|2 ≤ C(n)(1 − θ)−2t−1 sup
0≤s≤t

sup
K(x0,s,R2)

v4

for all t ∈ [0, T ], where K(x0, t, θR
2) = {x ∈Mt | |x− x0|2 + 2nt ≤ θR2}.
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Working by induction, one gets the following general result.

Theorem B.1.4.

1. For arbitrary R > 0, θ ∈ [0, 1) and m ∈ N, we have the estimates

sup
K(x0,t,θR2)

|∇mA|2 ≤ Cm(n)t−(m+1) ,

where Cm(n) depends on n,m, θ and sup0≤s≤t supK(x0,s,R2) v
2.

2. In case of additional smoothness, the constants above can be replaced by other
constants Dm,k(n), depending on n,m, k, θ and

sup
0≤s≤t

sup
K(x0,s,R2)

m∑
i=0

|∇iA|2

obtaining the improved estimates

sup
K(x0,t,θR2)

|∇m+kA|2 ≤ Dm,k(n)t−k .

3. In particular, choosing m = 0 and k = 1,

sup
K(x0,t,θR2)

|∇A|2 ≤ E(n)/t ,

where E(n) depends on n, θ and sup0≤s≤t supK(x0,s,R2) |A|2.

Analogous estimates were obtained by Angenent [16] for evolving curves in
the plane, by Altschuler [3] and Altschuler and Grayson [5] for curves in space.
Remark B.1.5. New estimates in the same spirit were obtained by Colding and
Minicozzi in [28] where, for instance, it is proved a bound on the gradient (similar
to the one in Theorem B.1.2) which depends only on the function u at time t = 0
and not on its gradient.



Appendix C

Hamilton’s Maximum Principle
for Tensors

Let V a vector bundle over a compact manifold M . Let h be a fixed metric on V ,
g a Riemannian metric on M and L a connection on V compatible with h. Both
g and L = {Lβiα} may depend on time t. We can form the Laplacian of a section
f of V as the trace of the second covariant derivative with respect to g, using the
connection L on V and the Levi–Civita connection on TM .

Let U an open subset of V and Ψ(f) a vector field on V tangent to the fibers.
We consider the nonlinear PDE

∂tf = ∆f + Ψ(f) (PDE)

and the ODE
∂tf = Ψ(f) . (ODE)

Theorem C.1.1 (Hamilton [56, Section 4]). Let X be a closed subset of U ⊂ V
invariant under parallel transport by the connection L and such that every fiber of
X is convex.
If every solution of the ODE starting in a fiber of X remains in X, then also any
solution of the PDE remains in X.

Theorem C.1.2 (Hamilton [56, Section 8]). Let f be a smooth section of V satis-
fying ∂tf = ∆f + Ψ(f). Let Z(f) be a convex function on the bundle, invariant
under parallel transport whose level curves Z(f) ≤ λ are preserved by the ODE.
Then, the inequality Z(f) ≤ λ is also preserved by the PDE for any constant λ.
Moreover, if at time t = 0 at some point we have Z(f) < λ, then Z(f) < λ
everywhere on M at every time t > 0.

Theorem C.1.3 (Hamilton [56, Section 8]). Let B be a symmetric bilinear form on
V . Suppose that B satisfies the parabolic equation ∂tB = ∆B + Ψ(B) where the
matrix Ψ(B) ≥ 0 for all B ≥ 0.
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Then, if B ≥ 0 at time t = 0 it remains nonnegative definite for t ≥ 0. Moreover,
there exists an interval 0 < t < δ on which the rank of B is constant and the null
space of B is invariant under parallel transport and invariant in time; finally it
also lies in the null space of Ψ(B).

A good reference for these results is the book [27].



Appendix D

Hamilton’s Matrix Li–Yau–Harnack
Inequality in Rn

Theorem D.1.1. Let u : Rn × (0, T ] → R be a smooth positive solution of the heat
equation such that for every t ∈ (0, T ] the function u( · , t) is bounded by some
constant C(t) > 0 (possibly unbounded as t→ 0).
Then, the Hamilton quadratic

Hij = ∇2
iju− ∇iu∇ju

u
+
u

2t
δij

is nonnegative definite for every x ∈ R
n and t > 0.

Proof. It is well known that being a solution of the heat equation, the boundedness
of u in space implies that also |∇u| and |∇2u| are bounded in space by some
constant depending only on t, that we still call C(t).
We suppose for the moment that these constants C(t) are uniformly bounded from
above by C < +∞ and that u > θ > 0 for some θ ∈ R.
We set, for some positive constants ε and A,

Hε
ij = Hij +

εe
|x|2

4(A−t)

(A − t)n/2
δij .

With this choice we see that

Hε
ij(x, t) ≥ −

∣∣∣∣∇2
iju− ∇iu∇ju

u

∣∣∣∣ δij +
θ

2t
δij ≥ −(C + C2/θ)δij +

θ

2t
δij , (D.1)

and since the last term goes to +∞ when t → 0, for t small Hε
ij is uniformly

positive definite.
After a straightforward computation (see [58] or [93]) we get

∂tHij ≥ ∆Hij +
2
u
H2
ij −

2
t
Hij ,
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n

hence, as e
|x|2

4(A−t)
(A−t)n/2 solves the heat equation in Rn × [0, A),

(∂t − ∆)Hε
ij ≥

2
u
H2
ij −

2
t
Hij

=
2
u

(Hε
ij)

2 − 2
t
Hε
ij −

4εe
|x|2

4(A−t)

u(A− t)n/2
Hε
ij +

2ε2e
|x|2

2(A−t)

u(A− t)n
δij +

2εe
|x|2

4(A−t)

t(A− t)n/2
δij .

For every t ∈ (0, A) the form Hε
ij gets its smallest eigenvalue at some point x0 ∈ Rn

as the term Hε
ij is bounded and the term εe

|x|2
4(A−t)

(A−t)n/2 δij goes to +∞ as |x| → +∞.
If at some t0 < A/2 the smallest eigenvalue of Hε

ij at x0 ∈ Rn is zero and {vi} is
a relative unit eigenvector, at such point x0 we have

(∂t − ∆)(Hε
ijv

ivj) ≥ 2ε2e
|x|2

2(A−t)

u(A − t)n
+

2εe
|x|2

4(A−t)

t(A− t)n/2
> 0 .

Thus, considering the first point in space-time (x0, t0), with t0 < A/2 such that
Hε
ij is not positive definite (such a first point must exist by the estimate (D.1)) and

considering a relative unit eigenvector {vi}, we have that the function h(x, t) =
Hε
ij(x, t)v

ivj is positive for every (x, t) with t < t0, hence (∂t − ∆)h(x0, t0) ≤ 0,
which is in contradiction with the previous estimate.

Hence, for every ε > 0, the matrix Hε
ij(x, t) is positive definite for every

t ∈ (0, A/2) and x ∈ Rn.

Since Hε
ij(x, t) = Hij(x, t) + εe

|x|2
4(A−t)

(A−t)n/2 δij , sending ε to zero and A to +∞, we con-
clude that for every x ∈ Rn and t > 0, the Harnack quadratic Hij is nonnegative
definite.

Let now u be general (not uniformly bounded from below by some θ > 0),
given ε > 0 we consider the positive solution of the heat equation w(x, s) =
ε+u(x, s+ε) : Rn× [0, T −ε) → R. As w, |∇w| and |∇2w| are uniformly bounded
respectively by supRn×[ε,T ] u, supRn×[ε,T ] |∇u| and supRn×[ε,T ] |∇2u|, by what we
proved we conclude

0 ≤ ∇2
ijw − ∇iw∇jw

w
+
w

2s
δij = ∇2

iju− ∇iu∇ju

u+ ε
+

u+ ε

2(t− ε)
δij

for every x ∈ Rn and t ∈ (ε, T ], where we substituted s+ ε = t.
As u is positive at every point, sending ε to zero we have the thesis. �

For more details on this topic consult the book [27].



Appendix E

Abresch and Langer Classification
of Homothetically Shrinking
Closed Curves
(In collaboration with Annibale Magni)

We briefly discuss here the classification of Abresch and Langer in [1] of the ho-
mothetically shrinking closed curves in the plane, that is, satisfying the structural
equation k + 〈x | ν〉 = 0.

We have seen in Proposition 3.4.1 that among the curves with k+ 〈x | ν〉 = 0,
the only embedded, complete and connected ones are the lines through the origin
and the unit circle.
If we now do not assume the embeddedness, we have to deal either with a smooth,
complete immersion of S1 or of R possibly with self-intersections. In the first case,
the curve is closed and compact, in the second case we can see that the initial
part of the analysis in the proof of Proposition 3.4.1 still holds, hence, either the
curve is a line through the origin of R

2 or the curvature is everywhere positive and
bounded from above, which implies that the whole curve is bounded. Then, if we
only assume an estimate of the length of the curve (which holds by Lemma 3.2.7
and boundedness if the curve is a blow-up limit), by the completeness it follows
that the curve is closed.

Hence, we concentrate only on closed curves. As we said, k > 0, the equa-
tions (3.4.1) hold and the quantity k2

θ + k2 − log k2 is constant along the curve,
equal to some constant E which must be larger than one (otherwise we are dealing
with the unit circle). Again, the curve is symmetric with respect to the critical
points of the curvature, which are all nondegenerate, isolated and finite. Hence,
the curvature k(θ) is oscillating between its maximum and its minimum with some
period T > 0. If we exclude the unit circle, such period must be an integer fraction
(at least of a factor 2 by the four-vertex theorem, see the proof of Proposition 3.4.1)
of an integer multiple (at least 2, otherwise we are dealing with the unit circle) of
2π, that is, T = 2mπ/n with n,m ≥ 2.
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Notice that there are two parameters here, the rotation number of the closed
curve and the number of critical points of the curvature.

Suppose that kmin < kmax are these two consecutive critical values of k; it
follows that they are two distinct positive zeroes of the function E + log k2 − k2

when E > 1 with 0 < kmin < 1 < kmax.
We have that the change ∆θ in the angle θ along the piece of curve delimited by
two consecutive points where the curvature assumes the values kmin and kmax, is
equal to the semiperiod T/2. Then, the analysis reduces to understanding what
are the admissible T .
Such quantity ∆θ is given by the integral

I(E) =
∫ kmax

kmin

dk√
E − k2 + log k2

.

Abresch and Langer (and also Epstein and Weinstein) by studying the be-
havior of this integral were able to classify all the immersed closed curves in R2

satisfying the structural equation k + 〈γ | ν〉 = 0. These form a family of curves
indexed by two parameters called Abresch–Langer curves, see [1] for a detailed
description.
We now state and partially prove the main properties of the integral I(E) needed
in such analysis.
It should be noticed that, by the discussion about the period T , the last statement
in the next proposition implies Proposition 3.4.1.

Proposition E.1.1. The function I : (1,+∞) → R satisfies

1. limE→1+ I(E) = π/
√

2,
2. limE→+∞ I(E) = π/2,
3. I(E) is monotone nonincreasing.

As a consequence I(E) > π/2.

Proof. Notice that the study of the quantity I(E) is equivalent to the study of the
semiperiod for the one-dimensional Hamiltonian system with Hamiltonian function
given by H(kθ, k) = (k2

θ + k2 − log k2)/2.
(1) The global minimum 1/2 of the strictly convex potential V (k) = (k2 −

log k2)/2 is assumed at k = 1 and the limiting value for the period of the Hamil-
tonian system when E → 1+ is equal to the period of the corresponding lin-
earized system (see [44, Chapter 12]). The linearized Hamiltonian is HL(k̂θ, k̂) =
k̂2
θ/2+ k̂2+1/2 for the new variable k̂ = k−1, which gives the equation k̂θθ = −2k̂

for k̂. As any solution of this last ODE is clearly
√

2π-periodic, its semiperiod is
equal to π/

√
2.

(2) As 0 < kmin < 1 < kmax for E > 1, we can write

I(E) =
∫ 1

kmin

dk√
E − k2 + log k2

+
∫ kmax

1

dk√
E − k2 + log k2

= I−(E) + I+(E) .
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We want to prove that limE→+∞ I−(E) = 0 and limE→+∞ I+(E) = π/2.
Introducing the variable w = k/kmin the first integral becomes

I−(E) = kmin

∫ 1/kmin

1

dw√
k2
min(1 − w2) + logw2

.

Notice that, given a real number 0 < α < 1, it is always possible to find k̃(α) such
that |kmin(1 − w2)| ≤ α| logw2| with w ∈ [1, 1/kmin] and kmin ≤ k̃. Fixing then
such an α, we have

0 ≤ I−(E) ≤ kmin√
1 − α

∫ 1/kmin

1

dw√
2 logw

≤ kmin√
1 − α

(∫ n

1

dw√
2 logw

+
∫ 1/

√
kmin

n

dw√
2 logw

+
∫ 1/kmin

1/
√
kmin

dw√
2 logw

)
≤ kmin(C1 + C2/

√
kmin + okmin(1)/kmin) ,

hence, the claim on I−(E) follows.
Regarding I+(E), we proceed in a similar way by changing again the integration
variable to w = k/kmax. In this way we obtain

lim
E→+∞

I+(E) = lim
E→+∞

∫ 1

1/kmax

dw√
1 − w2 + 2 logw

k2
max

= lim
E→+∞

∫ 1

0

χ[1/kmax,1]
dw√

1 − w2 + 2 logw
k2
max

=π/2 ,

where in the last equality we applied the dominated convergence theorem.

(3) See the original paper of Abresch and Langer [1] or the general result by
Zevin and Pinsky in [125]. �





Appendix F

Important Results without
Proof in the Book

• Interior estimates of Ecker and Huisken in [38] (Appendix B).
• Hamilton’s maximum principle for tensors in [56, Sections 4 and 8] (Ap-

pendix C).
• Convexity estimates of Huisken and Sinestrari in [73] (Theorem 4.2.1).
• Regularity theorem of White in [123] (Theorem 3.2.22).
• Monotonicity of I(E) by Abresch and Langer in [1] (Appendix E).
• Pinching theorem of Hamilton in [60] (Theorem 4.1.8).
• Sturmian theorem of Angenent in [16, Proposition 1.2] and [13] (Proposi-

tion 4.3.1).
• Hamilton’s Li–Yau–Harnack estimate for mean curvature flow in [62] (Theo-

rems 4.4.1 and 4.4.2).
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